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In this course (formerly known as theoretical cosmology), we study the history of our universe
on large scales. We first discuss key cosmological observations that led to our standard model of
cosmology, and we study in detail the origin and the evolution of the Universe such as inflation,
big bang nucleosynthesis, and cosmic microwave background anisotropies. In the second part we
learn (relativistic) perturbation theory and apply it to initial conditions, large-scale structure and
weak gravitational lensing. It is recommended to have good understanding of general relativity and
quantum field theory, albeit not mandatory.
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1 Early Universe Physics

1.1 Chronology of the Early Universe

t T x p'/* Redshift Event

1078s 10" GeV 00 Planck energy, Quantum gravity? Big Bang Singularity?
10738s  10'6 GeV 00 Inflation ends? Grand Unification Scale? Baryogenesis?
10~1's 100 Gev 10 Electroweak phase transition (spontaneous symmetry breaking)
1075 s 150 MeV 1012 Quark-hadron (QCD) phase transition (7. ~ Aqcp)

1 sec 1 MeV 6 x 10° v, decoupling (ve ~ 1 MeV, v, v, ~ 3 MeV )

6 sec 500 keV 2 x 10°  eé annihilation

3 min 100 keV 4 x 108  Nucleosynthesis (BBN)

60 kyr 0.75eV 3200 Matter-radiation equality

300 kyr 0.3eV 1100 Atom formation, photon decoupling (CMB)

400 Myr 5 meV ~ 10 Reionization

9 Gyr 0.33 meV 0.4 Dark energy-matter equality

Now 107%eV (273K) 0 now

At the early Universe, the Universe was denser and hotter, dominated by the relativistic particles and radiation. Be-
cause of its high energy, particles and anti-particle pairs are created and annihilated. This process depends on the particle
contents of our nature. The standard model of particle physics is well tested and understood up to ~ 1 TeV (horizontal
line in the table), beyond which the predictions from the standard model are somewhat uncertain and other beyond-the-
standard-model physics have vastly different predictions. Our discussion will be limited to the standard model physics.

In this radiation dominated era, almost all particles behave like massless particles, and their energy density evolves
as radiation p o< 1/a*. In RDE, the Hubble expansion and the age of the Universe are well approximated in terms of the
equilibrium temperature 71" of the plasma as

T\’ 1 T \7° _ip
H ~0.3sec”'/gr t=-—n~1 e, 1.1
¢ V9 (1 MeV> ’ or — ¢ (1 MeV> g 4.1

where g, is the total spin-degeneracy factor shown in Figure 1.1. Particles stay in thermal equilibrium with the plasma, as
long as their interaction rate I' with the plasma remains sufficiently high:

I'=n{ov) > H, (1.2)

where o is the interaction cross section [¢] = L2, v is the relative velocity of the particles in interaction, and n is
the particle number density. Note that the interaction rate is averaged over the particle velocity distribution. A useful
conversion relation is

1 MeV =1.602 x 1075 erg = 1.161 x 10'° K . (1.3)

At T < 10'6 GeV, the dominant interaction among the relativistic particles is mediated by massless gauge bosons,
and the cross section is o ~ a2 /T2, such that the interaction rate is I' oc nov ~ oT, where the SU(2) gauge coupling
constant is ¢ = 1/v/4ma and we used n T3, v ~ 1. Therefore, the interaction is efficient to maintain the thermal
equilibrium

I 10'°GeV
=~ % >1 forT <10 GeV . (14)

At lower temperature 7' < 300 GeV, the interactions are now mediated by massive gauge bosons (e.g., mz ~ 100 GeV),
and the cross section is o ~ G%TQ, such that the interaction rate is I' G%T5. Therefore, the interaction is again
efficient to maintain the thermal equilibrium up to 7" > 1 MeV,

T 3
HNG2FT3N< ) >1 forT >1MeV, (1.5)

1 MeV
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where the Fermi constant is G = 1.15 x 10™° GeV 2. Then, the question arises: what happens at 7' > 10'6 GeV? The
Universe might not have been in thermal equilibrium at such early time.
A brief overview of the most important cosmological events are as follows (Mo et al., 2010):

* At T > 1 TeV, two important events must take place: inflationary expansion and baryogensis. An inflationary
expansion for a very short period of time must have taken place to explain some of the key problems in observa-
tional cosmology, and some mechanism beyond the standard model must have been in operation to generate the
asymmetry between baryons and anti-baryons we observe today. The former is highly constrained and relatively
well understood, while the latter is very poorly understood. Beyond these two events that must have happened in
the early Universe, there might have been other interesting events in other beyond-the-standard-model physics such
as the grand unification. During this stage, quarks and gluons are not bound to hardronic states, such that there exist
no protons, neutrons and so on. The Universe was made of fundamental elementary particles, forming a hot plasma
(or soup).

o At T ~150 MeV (¢t ~ 107° sec), the quark—hadron phase transition occurs, confining quarks into hadrons, and
the chiral symmetry is broken. Lattice QCD calculations show that the electroweak and QCD phase transitions are
smooth. Once the transition was complete, the Universe was filled with a hot plasma consisting of three types of
relativistic pions n¥, 70 (myx = 139.6 MeV, m, o = 135.0 MeV), non-relativistic nucleons (p, n), relativistic
leptons et, pi (m,, = 105 MeV), and their associated neutrinos (ve, Ue, Vy, Uy, V7, V), and photons, all in thermal
equilibrium. Heavier lepton 7 (m, = 1.78 GeV) have already annihilated, and only a trace amount due to lepton
asymmetry must have remained.

e AtT ~ 100 MeV (t ~ 1074 sec), pions become non-relativistic, and ﬂi—pairs annihilate each other, while the
neutral pions 70 decay into photons. From this point on, protons and neutrons are the only hadronic species left. At
about the same time, muons p& start to annihilate.

e AtT ~ 1 MeV (¢t ~ 1 sec), electrons and positrons become non-relativistic, annihilating each other. At about
the same time, e-neutrinos v, also decouple from the hot plasma. p- and 7-neutrinos decouple a bit earlier than
e-neutrinos. The weak interactions become ineffective, and the ratio of neutrons to protons is frozen.

* AtT ~ 0.1 MeV (¢t ~ 3 minutes), the Big Bang Nucleosynthesis (BBN) starts, synthesizing protons and neutrons
to produce D, He and a few other heavy elements. This nuclear fusion is exactly the same as one at the core of stars,
but it takes place everywhere in the Universe.

o At T ~ 4000 K (t ~ 2 x 10° yr), free electrons and protons recombine to form neutral hydrogen atoms. The
Universe then becomes transparent to photons, and these free-streaming photons are observed today as the cosmic
microwave background (CMB) in a black-body distribution.

 dark age, first stars, cosmic reionization, habitable planets and life formation, dark energy domination

1.2 Thermal Equilibrium in the Early Universe

1.2.1 Chemical Potential

o Thermodynamic Quantities.— Consider creating a system with internal energy U in an environment with tempera-
ture 7. The Helmholtz free energy F' = U — T'S is needed to create such system with the help from the environment,
where S is the entropy of the final system. In a given environment, the system tends to minimize the internal energy or
maximize the entropy, i.e., minimize the Helmholtz free energy. At the minimum of the Helmholtz free energy, the system
reaches the thermal equilibrium. The Enthalpy H = U + PV is similar, but such system is created from a small volume,
that more energy for PV work is needed. Finally, the Gibbs free energy is the combination of all: G = U — TS + PV.
They are all related by the Legendre transformation.

e Legendre Transformation.— converts a function of a set of variables to another function of their conjugate variables.
For example, consider a function f(z,y). The conjugate variables of (x,y) are (U, W)

U := <6f> , W .= <6f> , df =Udx+Wdy. (1.6)
ox y 0y ),
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Now consider a combination of two variables Wy and a new function g := f — Wy:
d(Wy) =y dW + W dy, dg=df —dWy) =U dz —y dW , (1.7)

which implies that the function g has two independent variables x and W:

_ _ (99 _ dg
g=g(xz,W), U= (am>w , y=— (aw> (1.8)

In this way, three functions can be obtained by Legendre transforming f(x,y) with two variables.

e Chemical Potential— Consider a thermodynamic system, in which particles are created and annihilated. The amount
of energy needed to create a particular species is called the chemical potential (by definition):

dU =: TdS — PdV + > judN; | i = ( ou ) , (1.9)
i=1 ON; S,V,Njzi

when the entropy and the volume of the system are held fixed. While exact in the definition, it is in practice difficult to
find a situation, where the volume and the entropy is held fixed. Instead, the other relation is more illuminating for the
meaning of the chemical potential:

dG = —SdT + VdP + > j1;dN; , i = <8G> . (1.10)
i=1 ON, T,P,Njzi

In thermodynamic equilibrium with constant temperature and pressure, the system exchange particles with its environ-
ments. Then we have

dG =0, > pidN; =0. (1.11)

The chemical potential w is independent of its fundamental physical properties of particles, but determined by the interac-
tions and the thermodynamic system (e.g., what is conserved). However, since photons are always created and absorbed
by a black body, its chemical potential is always zero in equilibrium. Another example is the electron pair production
process:

env+y+v<4+—e+ée+env, 2 fby = e + He o Me = — e, (1.12)

in which the chemical potential of a particle and its anti-particle has the opposite sign.

1.2.2 Equilibrium Distribution

As long as the scattering process or the interactions between particles are rapid, particles are in kinetic equilibrium, and
their phase-space distribution function f(z, p, t) is described by the thermal equilibrium distribution:

flp,t)d’p =

a3 : i
g P { + Fermion 7 (1.13)

(2m)3 exp[(E — p)/T) £ 1 — : Boson

where g is the spin-degeneracy factor for a given phase-space density and (27/2)3 is the unit phase-space volume. Mind
that our convention assumes i = ¢ = k = 1. In a homogeneous and isotropic background universe, the position
dependence and directional dependence vanish. The physical quantities of such particle distribution are

VE? —m?2 EdE
_ 3
n(t) = /d p f(p,t) %2/ exp CEGETS (1.14)

3 VE? —m? E*dE
d’p Ef(p,t) = 5=
27r exp[(E —p)/T]+£1"

B E2 )3/2dE
P = / 7*f /m oxpl(E — p)/T] £1 (1.16)

(1.15)

)

—~
~

~—
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where the isotropic pressure is derived from P = %n (pv) and v = p/E. Since the baryon to photon number ratio is so
small,
ni="2 ~5x10710 (1.17)
My
the chemical potential of all species may be approximated as zero for computing the thermodynamic quantities of the
early Universe, where photons with /1, = 0 are the dominant. The ratio of the lepton number density to the photon is also
expected to be the same as 7.
For non-relativistic particles (m > T, E ~ m), the distinction between Fermionic and Bosonic particles disappear,

and they all follow the classical Maxwell-Boltzmann distribution

2
g m-—p p
t) = — — . 1.18
f(p:t) G eXP( T )eXp< 2mT) (1.18)
By integrating the distribution, we obtain
mT %> m— [
n(t) =g <2W> exp [— T } : p(t) = mn, P(t) = nkT (1.19)

In contrast, for relativistic particles (7' > m, T > ), the physical quantities are

. s KT\ .

() = WQC ( ) : Boson () = IEkT (52 : Boson P(t) = 1

n kT . ) p 7 g2 kT3 : ’ 3
47F2C(3) (f—) : Fermion SECET (%5)”  : Fermion

where the Riemann-Zeta function is

(1.20)

- Zzin , ¢(3) ~1.202. (1.21)
i=1

Since the number density of non-relativistic particles in thermal equilibrium is exponentially suppressed, only the rela-
tivistic components matter in determining the thermodynamic quantities of the system:

3 2 1
Cig)g*,nTg’» prot(T) = =g T* Pioi(T) = 5p(T), (1.22)

Ntot (T) = 30

where we assumed u; = 0 for all species and defined

S oR1C) T ISRIC RSO R RO

i€Boson i€Ferm. i€Boson i€Ferm.
(1.23)

1.2.3 Entropy Density

In the early Universe, particles are created and annihilated. As the Universe expands and cools, some particles annihilate
and disappear. Hence the total number is not conserved. So, it is useful to have some quantity that is related to the
conservation law, i.e., entropy density s(7"). Assuming 1 = 0, the entropy density for relativistic particles is defined as

1 27 7\° 7 7;\*
= Z(p+ Piot = ( 45>T3 Ges = D Ui <T> +(8> Y. i <T) . (124

i€Boson i€Ferm.
We will show that the conservation of total entropy of the Universe states
d 1
S = sa?, Z5=0, GT)T o - . (1.25)
a

The thermodynamic laws T'dS = dU + PdV apply to the whole system, which is the Universe in our case. The total
energy or entropy, etc of the Universe are ill-defined. Instead, we look for local densitites that represent the entropy, i.e.,
the entropy density s.
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my M~ Ty, M e
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Figure 1.1: Effective number of relativistic dof. The gray bands represent the QCD phase transition and the neutrino
decoupling. The difference around 1 TeV is due to the non-perturbative QCD effect. Taken from Baumann et al.

Taking the derivative of P(t) with respect to T of a fluid and treating the chemical potential as a function of T', we
obtain

dP__4£ [e’e} 3 ﬁ E i ﬁ ﬁ__i ; M
T T)<dp> {T2+dT (M i = ETf(p7t)exp< - ) (1.26)

and with integration by part we re-write the derivative as

dP p+P d /p p+P
S _PT  arL <7> ~PTT 1.27
ar =~ T T Mar\r T (1.27)
Manipulating the conservation equation
. 3 3 d 3 3dP
p+3H(p+P)=0, d(pa®) = —Pd (a”) , —|(p+P)a’| =a’—, (1.28)
dT dT
we can arrive at the conservation equation
+P nu  p+P
d 3:—(ﬁ)d 3) ~ e e el 1.29
(sa’) T (na”) =0, s T T T ( )

In most cases, the chemical potential is negligible (1 < T') or the number density is conserved (n o< 1/ a3), such that the
combination (sa?) is conserved throughout the evolution. Simplifying the relations for s and dP/dT by assuming y = 0,
we obtain the thermodynamic relation

ar  dp

dr
T~ 51P’ S :=sa’, TdS =d[(p+ P)a’] — (p+ P)a T d(pa’) + P d(a’) ,

(1.30)
with which we can identify s defined above as the entropy density and the total entropy .S is conserved.
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1.2.4 Spin degeneracy factors

The spin degeneracy factor accounts for the number of degenerate states at the same energy level. The photon has two
polarization (g, = 2), while neutrinos are only left-handed (g, = 1). Note that there exist three generations (v, i, 7) of
neutrinos and their anti-particles (v, fi, 7). Spin-1/2 fermions like electrons have g. = 2, and there exist three generations
and their anti-particles.

AtT > 300 GeV, there exist 8 gluons (g, = 2), 3 weak gauge bosons (W#*, Z), Higgs doublet (mpg = 125 GeV),
three generations of quarks (g, = 2; two quarks per generation per color) and leptons (ge, g,) to yield!

7
g*:g7+8><gg+3xgwiﬁz+gH+§><3><(3><2><2xgq+2xgy+2xge):106.75. (1.31)

At 150 MeV gluons hadronize, and soon after most of the particles become non-relativistic, according to their mass
(my = 125 GeV, mz = 91 GeV, my+ = 80 GeV, m, = 1.78 GeV, m,, = 105 MeV). So at T ~ 100 MeV, there left
only photons, electrons, and three generations of neutrinos:

7
g*:gw—i—g@Xge+2><3><gl,):10.75. (1.32)

At a freeze-out temperature 7' ~ 1 MeV, all three generations of neutrinos decouple from the rest of the plasma
(T ~3.7MeV, T, ~ 2.4 MeV, T, ~ 1 MeV), and its temperature strictly declines as T, o< 1 /a, since its Jx,s TEmains
unchanged, after the decoupling. However, at about 7', ~ 0.51 MeV, electrons and anti-electrons become non-relativistic,
and they annihilate intro photons , transferring its entropy to the photon plasma, but not to the decoupled neutrinos, which
slows the decline of T’,. Assuming an instantaneous transfer of entropy, the change in the spin-degeneracy factor of the
photon plasma can be computed as

7 11
05 =t g getge) =5 > g =gy (133)
Given the conservation of g, sT® throughout the annihilation, the neutrino temperature is slightly lower than the photon

temperature, after the annihilation event

4\3 1
T, = <11> T, . (1.34)
and the spin degeneracy factor is then
- 4/3
g« =0yv+52%x3xg,) x| —= =3.36. (1.35)
8 11
The total radiation density (v, v/) is then
7 4/3
prad = |1+ N, x S (11> Py s N, =3, py = apT} (1.36)
where the radiation constant a g is related to the Stefan-Boltzmann constant o g as
4
ap = 22 — 7573 x 10715 erg cm 3K~ . (1.37)
C

In fact, at the annihilation of electrons and anti-electrons, the neutrino decoupling was incomplete, and some entropy is
dumped into neurinos as well. Hence the the neutrino temperature relation above is not precise, and the correction is often
rephrased as the effective relativistic degrees of freedom: N, = 3.04. The evolution of the spin degeneracy factors is
shown in Figure 1.1. Today the photon plasma cools down to

T, =2.73K, ny=413cm™?, py=4.7x10"* gem™? wy =2.5x107°.
(1.38)

! After the spontaneous symmetry breaking, the weak gauge bosons are massive (9w= z = 3), and the Higgs boson is left with only one dof
(g = 1), such that there exist 10 dof. Mind that at this energy scales, they are all non-relativistic. However, before the symmetry breaking, the
gauge bosons are massless (g +,z = 2), and the Higgs boson doublet has full dof (9u = 4; two per each component), such that the total dof
remains the same.
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The cosmic neutrino plasma is

T,=195K, Nytp =113 cm ™3 ny, = 338cm ™3 (v4put), wy, = 1.7x1077,
(1.39)
for massless neutrinos. Assuming they are relativistic at decoupling, the massive neutrinos
— m
py = 113 m, cm™3 wV:O.l(logv> . (1.40)

1.3 Distribution of Decoupled Species

As the Universe expands and cools down, the interaction rate I between species falls below the expansion rate H (t), so
that a particle species decouples from the plasma. This is called “freeze-out” because there exist no further interactions
and its distribution remains frozen. Since the momentum of both massless and massive particles redshifts as 1/a in
the background universe, the current phase-space distribution of a decoupled species can be expressed in terms of the
equilibrium distribution at decoupling:

a a
f(pat) = feq (paatdec> 5 t> tdec 5 p(tdec) =D (141)

dec Gdec

When a relativistic species is decoupled at Tge. >> m, the Fermi-Dirac or Bose-Einstein distribution is maintained, and
hence the number density is as abundant as photons, but the freeze-out condition dictates its temperature declines as 1/a:

-1
g pa Qdec
f(p,t) = (2r)? [eXP (adecheC> + 1} ; T(t) = TdecT ; (1.42)
where £ ~ p for relativistic particles. Note that the decoupled species evolves separately, so that the change in the
spin-degeneracy factor in the other plasma is irrelevant here.

However, when particles are non-relativistic (I' < m) at decoupling, the distribution function is the Maxwell-
Boltzmann distribution, and according to the freeze-out condition, the temperature of the decoupled species declines
faster than the relativistic particles

2.2
m >exp< P“) 7 T(t) = Thee (%)2 : (1.43)

o 2
2m adecheC

g
t — —
f(p;t) @) &P (
where the exponential exp(—m /Tgec) is constant. Consequently, the number density of a decoupled species evolves as

3
n(t) = {af(dt)) ] Neq(tace) » (1.44)

for both relativistic and non-relativistic particles.
Using the entropy conservation in Eq. (1.25), we obtain the temperature ratio and the number density ratio of a
decoupled relativistic species to the photons as

[n(tdec)r: ges(t)  a*(1) n(t) _ ger {T(t)}gzgefr 9-.5(T)
T’y(t) g*,s(tdec) a3(tdec) ’ n’y(t) 2 Tv(t) 2 g*,s(Tdec) ’

where geg = g for bosons and geg = 3¢g/4 for fermions and we used the temperature of the decoupled species T'(tgec) =
T, (tdec) at the time of decoupling.

(1.45)

1.3.1 Boltzmann Equation and Relic Number Density

The particle interactions involve multiple species, and they depend on the velocity distribution of the particles. Conse-
quently, solving for their evolution requires coupled differential equations, called the Boltzmann equation. Consider an
interaction ¢ +a+b—+--- <> i+ j+ - - - that involves many particles and their creation and annihilation. The Boltzmann
equation for a species v (similarly for other particles) is

dfy
o Cylf], (1.46)
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where the right-hand side C' is called the collision term that depends on the interaction and the distribution functions of
the other particles in interaction. In the absence of collision, the Liouville theorem states that the phase-space distribution
is conserved. In a homogeneous and isotropic universe, the phase-space distribution function cannot depend on a position
or a direction, i.e., fy, = fy(p, 1),

d 0 Op 0 0

Ay _ 9y , OOy 9Py, (1.47)

dt ot Jt Op ot
where we used p o< 1/a for any particles in the background universe. Integrating over the momentum, we derive that the
number density evolves as

dnyy +3Hny = /d3p Cylf] Ny = /d3p fu - (1.48)

dt
In the absence of collision, the number density decreases as 7, o< 1/ a3, and the term 3H ny, is called the Hubble drag (or
friction) due to the expansion of the Universe.
The collision term depends on the interaction process, and formally it can be expressed as

/d3p Cylf] = <H/d4pi> 2m) 6P (py +pa+ - —pi—pj—-) (1.49)

< @M&fi (U F)( £ L) IMPfae (L fA £ )

The first line is just the energy-momentum conservation of the process, the second line shows the interaction of considera-
tion. The invariant matrix element M can be derived from the QFT calculations, and with T-invariance (or CP-invariance)
it is identical in both directions (|M|? := |[M|2, = |M|2). The distribution functions f;f; - -- in the second line indi-
cates that more particles 7, j, - - - create more particles 1, a, b, - - -, and vice versa. The extra factors such as (1 £ f,) are
called the Pauli block (—) or the Bose enhancement (+).

For the moment, the collision term is macroscopically treated, and a significant simplification can be made, if most
species but 1) are in thermal equilibrium and the temperature is low 7' < F — u. Consider a simplified interaction
Y+ 1) <> X + X, in which ¢ and ¢ annihilate and a pair of X and X are created. At this low temperature 7' < F — 1,
the number densities of particles can be written as

nZ/d?’pfze“/TnEQ, NEQ :/dgprQ, feq = f(p=0) = (27gr)36_E/T7
(1.50)
where we ignored £1 in the distribution function frq Further ignoring the Pauli block or the Bose enhancement, The
second line of the collision term is then greatly simplified as

_ _ _ _ _ _ Ny ’I’Lqpn*
fxfs—fofg=ce (By+Eg)/T [e(uerux)/T _ e(uwﬂw)/T} — ¢ (By+ER)/T Eg E(Q -5 EQ 7 (1.51)
xS Ny g

where we used the energy conservation Ey, + Ej; = Ex + Ex. Finally, we define the thermally-averaged velocity times
cross-section (o) as

ny Ol (o5 xxlvl) == (H/ dgpi) (21)46” (py + pg — px — ) MPeEeHET L (152)

and the Boltzmann equation (1.48) is now

dny EQ, EQ nxng N1
o T 3Hny =y n; (Oppesxxlvl) “EQPQ ~ FQ_EQ (1.53)
X "X P Y
With near thermal equilibrium but ¢ particles, we arrive at the final expression of the Boltzmann equation
dnw
— T 3Hny = (o) (nfpq — ni,) - (1.54)
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Figure 1.2: The relic abundance for a simple two-body process with a constant 3 := (o).

At thermal equilibrium, the number density n,, will be equivalent to ngQ

lation) takes place. If ny > niQ, more decay of ¢ and v will further reduce ny and increase nx, and this is reflected in
the collision term, where the RHS is negative.

Given the entropy density scales as a3, it is convenient to define a scaled number density Y that does not change in
time as long as n oc 1/a?,

, and no further net change (creation or annihi-

n ny!
— Y
The Boltzmann equation is then manipulated in terms of Y as
dy,
=) =YY (150
and by defining a scaled (inverse) temperature x
My 1 1 dint 2
T oH T2 vz’ (157
the Boltzmann equation can be written as
2
e [0 -
Y4 dx H(z) Y4 ‘ '

The variable x determines if the particle species is relativistic (xz < 1) or non-relativistic (x > 1), but it also determines
the flow of time (z >> 1 at late time). Given the interaction cross-section, the Boltzmann equation can be numerically
solved with the initial condition of thermal equilibrium at early time Y (z = 0) = Y, for all species. Assuming a constant
cross-section, several solutions to the Boltzmann equation are given in Figure 1.3, in which the equilibrium distribution
decays in time as the particle species becomes non-relativistic (z ~ 1) and its abundance is exponentially suppressed
compared to the plasma. For a weak cross-section, the particle species decouples early when they are relativistic, and
their final abundance is similar to those of photons, rather insensitive of its exact value of the cross-section. For a stronger
cross-section, the particles stay in thermal equilibrium longer, and its final relic abundance is sensitively dependent on the
value of the cross-section.

A simple analytic approximation can be made to solve the Boltzmann equation. First, the equilibrium abundance
Y4 = n®/s is obtained by using n°? in the relativistic and the non-relativistic cases as

eff
45¢(3) 9y 90 Iy _
eq _ eq _ 3/2 —x
Y, (z) = 27T g s(@) forr <1, Y, (z) = @) gus (2) x> “e forx >1, (1.59)
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where gff = gy, for Boson and gff = 3g, /4 for Fermion. Clearly, as the Universe evolves (x increases), Y °4 also evolves
due to the change in n°d. Second, the freeze-out (or decoupling) is assumed to be instantaneous, if I' = H at z ;. Equating
the interaction rate I' at equilibrium with the Hubble parameter in RDE

TG 29, m?p 9 1 o
H = — =4/ — M5 = —— r=y% 1.60
() = =3~ Prot 90 22M, e y s lov) (1.60)
we obtain the freeze-out time
90 _ [ 45

The condition z ¢ < 1 for the relativistic case constrains the strength of (ocv) and also the mass m.;. The freeze-out for
the non-relativistic case needs to be solved, but its value is due to the exponential factor highly sensitive to the values in
the RHS.

Now we consider the relic densities today. First, they can be relativistic or non-relativistic foday. The former is similar
to the photon distribution, and hence negligible. The latter, non-relativistic relic species today, is often called as the WIMP
(weakly interacting massive particles). WIMPS are non-relativistic today, and its energy density is dominated by their rest
mass energy. However, it can be relativistic (zy < 1) or non-relativistic (xy > 1) at the freeze-out. The former is called
the hot relic, and their abundance is as much as the photons today, while the latter is called the cold relic.

e Relativistic species today.— The relic density of a relativistic species can then be obtained by using Eq. (1.45) as

eff 4 eff 4
Qh® _py _ 9y (Tw> _ 9 [9(@] " (1.62)
Qh2  py 2 \T, 2 | ges(zy)

Given that g, s always decreases in time and Q7h2 = 2.5 x 1079, the relic density of a relativistic species today is as
negligible as the photon energy density.

e Hot relics.— The relic density of a hot species is then

8rG g m
— eq 2 _ 2 _ -2 P P
py =myY Hzr)s(zo) o< my , Quh” = SH2 pyph” = 7.64 x 10 [9*,5(%‘)] (1 . ) X My

(1.63)
where xg is today. For hot relics, their number density is as large as the photons, and it is rather insensitive to z ;. Note
that the dependence of (o) is included in the freeze-out x ;. For a large mass m.;, s becomes comparable to unity, and
it cannot be hot-relic any more. Given the observational constraint (). h? < 1, we can derive that the mass of hot relics
should be smaller than

my < 13.1eV 97(?) , (1.64)
9y
which corresponds to
eff 3
my, < 93.8eV, Gs,s(xf) =10.75, gy == X2Xg,, (1.65)

4

for massive neutrinos (one species). This cosmological limit is called the Cowsik-McClelland bound. The Planck con-
straint is Xm,, < 0.23 eV, and some recent Lya-forest constraint is < (.12 eV. The neutrino oscillation constraints give
0.0006 < w, < 0.0025.

e Cold relics.— Similar calculations can be made for cold relics, but the abundance Yweq is exponentially sensitive to z .
The LHS for the freeze-out condition

12 2, 45
zp e = 15,

gy {ov) my My (1.66)
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Figure 1.3: Cosmological constraints on the mass of WIMP 2, h2.

increases monotonically with x, i.e., the larger my, or the stronger (ov), the later the freeze-out becomes, suppressing
the abundance exponentially. Keeping ' in the equation, we express the abundance and the relic density

1 —1
Y ay Qph? = 0.86——L [ ) ] . (167)

| 45 Ty
)= 82 | [ Gs,s(xf) (ov) myMp Gx,s(T¢) 1010 GeV~—2
The relic abundance is sensitively dependent upon (ov), and it goes down with m,,. While the relic energy density has
no explicit dependence on m, the freeze-out time x; increases with m,;,. For example, stable neutrinos of mass between
1 MeV and myz = 100 GeV fall into this cold relic, and their weak interaction rate is

(ov) ~ %G%m%aj_b for my <mgz, (1.68)

where ¢y ~ 5 for a Dirac neutrino, b ~ 1, and G r is the Fermi constant. With this, the freeze-out time can be solved as

m
~17.8 + 31 ( v ) 1.69
v o 1 GeV ( )
and the relic energy density is
b+1

395 <« m -2 m -2 m
O h2 ~ / ( v ) :1.82< v ) [1 0.171 ( v )} 170
2 \/gus(xy) \1GeV 1 GeV * "\TGev/] (1.70)

The observational constraint puts the mass of stable neutrinos
my > 1.4 GeV | (1.71)

and the relic density is smaller with larger mass due to the larger cross-section and the suppression of the abundance.
However, for particles of mass m,, > mz, the cross-section decreases with particle mass as m ™2, instead of increasing
with m?2. This implies

0 h2~(ﬂ)2 mz < my < 3TeV (1.72)

YT \1Tev) Z2="1= ' ’

For the cold relics, the bound is stronger, because of the non-relativistic freeze-out, and this gives a lower limit for the
massive cold relics, called the Lee-Weinberg bound. Figure 1.3 summarizes the cosmological bounds on viable models of
WIMPs.

11
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1.3.2 Relic Density of Decaying Particles

If a particle is unstable and decays into other particles, the Boltzmann equation can be supplemented by an extra term for
such decay. The number density of decaying particles is always governed by the half-life 7, beyond which the number
density is exponentially suppressed as

n(t) o< exp|—t/7], (1.73)

but below which the particles behave like stable particles.

If the decay product involves photons, such particles are subject to more stringent observational constraints. A particle
decay into photons often involves strong Gamma rays, and these photons should be hidden from observations by prevent-
ing the particles decay with longer life-time or by themalizing them. It takes a while to thermalize Gamma ray photons
with background radiation, such that the decays must happen early enough.

1.4 Big Bang Nucleosynthesis

Where do we come from? To this philosophical question, here we find some physical answers. The basic structural unit of
life is cells that contain lots of molecules, and molecules are electrically neutral groups of atoms held by chemical bonds.
Atoms form the smallest unit of the (ordinary) matter, and they are composed of one nucleus and several electrons bound
to the nucleus. Where do they come from? Normal stars at the core fuse lighter elements like hydrogen and helium,
and more massive stars synthesize carbon, oxygen, and silicon, yielding irons, beyond which no net energy is gained
through nuclear fusion. Heavier elements are further generated by neutron captures in supernova explosions. However,
observations show that hydrogen and helium are ubiquitous in the Universe with almost constant ratio 75% hydrogen and
24% helium by mass. Indeed, the origin of those elements are primordial and global, rather than localized stars.

1.4.1 Proton and Neutron Abundances

All nuclei are made of protons and neutrons, and they are characterized by its charge number Z (number of protons) and
the atomic mass A (number of protons and neutrons). Given their mass m, ~ m,, ~ 940 MeV, protons and neutrons are
non-relativistic at t ~ 1076 sec (T ~ m,,) with their number densities

MnpT’ o2 Mnp — Hnp
Mnp = Gn,p o €xp | — T ) (1.74)
and they remain in thermal equilibrium until 7" ~ 0.8 MeV via low-energy weak interactions
pt+esn+v,e, n+eop+e, n<pte+ve. (1.75)
Hence the ratio of the number densities in thermal equilibrium is
Uz My, 3/2 My — My Hn — Hp Q
n—p = m—p exp |— T + T ~ exp 7| Q :=my —my =1.294MeV, (1.76)

where we ignored the difference in the chemical potential y,, — 11, = pte — 1, >~ 0 in the weak interactions. At temperature

T > @, the ratio of the number densities is unity, but it continuously decreases at lower temperature (7' < (J), because

neutrons are slightly heavier than protons. However, due to the neutrino decoupling at 7' = 1 MeV, the weak interactions

become inefficient to keep protons and neutrons in thermal equilibrium, such that the ratio freezes out at ' ~ 0.8 MeV

Np [ 1.294] 1
Xp

oexp |-~ 1.
0.8 5 (1.77)

Free neutrons can further S-decay into protons at any time with its half-life 7 = 887 & 2 sec (~ 15 min), which could
have exhausted neutrons in our Universe. However, before they decay into protons, most neutrons are indeed captured in
deuterium and helium nuclei, where they are stable.” By the time the big bang nucleosynthesis is active, the ratio becomes

Tp

n 1
Mmoo 2 abt ~ 300 sec . (1.78)
np 7

2Sometimes, Pauli’s exclusion principle is invoked for such stability, but neutrons do decay in nuclei, when energetically favorable. In nuclei,
all the neutrons and protons form a system, in which protons typically occupy higher energy state due to electromagnetic repulsion, such that nuclei
with somewhat more neutrons than protons are stable, because converting one neutron into a proton would need more energy. Of course, if even
more neutrons are present in nuclei, they inevitably occupy higher energy state than protons, and S-decay is then energetically favorable.

12
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Figure 1.4: Average binding energy of nuclei per proton. With the steep increase in the binding energy, nuclear fusion is
an efficient way to generate energy up to iron, beyond which the binding energy decreases. Nuclear fission can be used
for elements heavier than irons to extract energy, though not as efficient as nuclear fusion.

1.4.2 Nuclear Synthesis of Heavier Elements

With numerous protons and neutrons, they can be forged to form heavier nuclei, but they are dissociated immediately
by energetic photons, until the Universe cools below their binding energy (e.g., 2.22 MeV for deuterium). In thermal
equilibrium, the abundance of nuclei with atomic mass A with charge Z is

ramon () ow [0 < () Ton [ e ()] e ()]

where we used the relation for the chemical potential
pra = Zip + (A= Z)pn . (1.80)

With the same formulas for the proton and the neutron number densities in equilibrium, we can remove the chemical
potentials zi;, and i, in favor of n, and n,, to express

2(1-4)
gAA3/2 7 A-Z mNT 2( BA
= — =g, = gp = 2 1.81
nAa PR Ny Mo, o exp| = ) 9N = 0Gp = 9n ) (1.81)

where we approximated my := m;, ~ m,, and m4 ~ Amy, and defined the binding energy of nucleus
Ba:=Zmy+ (A—Z)my, —may . (1.82)

In the presence of heavier elements, the baryon number density is

ny = np+nn+ZAmA7i , (1.83)
i
and the mass fraction of each nucleus A:
A s
Xy, = AL 1= Xa,. (1.84)
Ty p
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Figure 1.5: Primordial abundances of light elements as a function of the baryon-to-photon ratio.

The baryon number density includes free neutrons and protons, but also accounts for those inside nuclei with weight A;,
i.e., it is the total number densities of protons or neutrons, while the mass fraction shows how many nuclei are captured in
the nucleus. The number density of nucleus A can then be re-expressed by using n in Eq. (1.20) as

A-1 s
_ 94 452 | KB) ZA-z, A1 (TN 2(174) Ba
Xz [m XPXa ()T e () (1.85)

where we defined the baryon-to-photon ratio:

-3
ng -8 Temb -10

= —=2.72x 10 ~5Hx 10 . 1.86

=4, % wb<2.73K> % (1.86)

As the temperature of the Universe cools below the binding energy, nuclei with atomic mass A can form, and for the
mass fraction to be non-negligible (X 4 ~ 1), the temperature has to be below

|Ba|
(A—=1) [|Inn| + 3 In(mn/Ta)]

InX4>~0, Ty =~ (1.87)

The deuterium 2D has the lowest binding energy Bp = 2.22 MeV, but the formation of deuterium takes place only when
the temperature of the Universe is an order-of-magnitude below Bp ~ 2 x 10'° K due to large number of photons. The
high-energy tail (Wien) of the photon distribution is sufficiently large enough to destroy deuterium nuclei, until it reaches
Tp =~ 10° K (t ~ 100 sec). This is the beginning of the Big Bang Nucleosynthesis (BBN).

Once the nucleosynthesis begins, many channels of nuclear reaction take place. However, since the number densities
of nuclei in the Universe are quite low at the time of BBN, only two-body interactions are possible, and the fact that there
are no stable nuclei with atomic mass 5 or 8 implies that no elements heavier than lithium 7Li (3 protons) can be produced.
The next element in periodic table is 9Be (4 protons). In contrast, at the core of massive stars, where the densities are even

14
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higher, many-body interaction channels are allowed, and even a short-lived ®Be that formed through “He-*He collision
can quickly capture another “He to form a stable carbon '2C, allowing further nuclear reactions to proceed.

Since the binding energy of deuterium is the lowest, the formation of deuterium nuclei acts as a bottleneck for nucle-
osynthesis, as heavier elements are already allowed to form by 7. Consequently, almost all the deuterium nuclei (or free
neutrons) are processed to form helium nuclei, and the mass fraction of helium is

4(ny,/2) 2(nn/np)D 1 <nn> - 1 (1.88)
D

Y = Xup, ~ = ~-
“He nn4+mnp, 1+ (ny/ny)p 4 np

? )

where the subscript D indicates the time of deuterium formation, when helium nuclei are yet to form, i.e., ny = ny, + nyp.
Observations of the helium mass fraction is about 24% everywhere, and the confirmation of this prediction for He is one
of the success of the Big Bang model in the early days.

The predictions of primordial nucleosynthesis and their observational confirmation is of course important. In particu-
lar, it helps constrain 1 or the baryon density wp. However, it is in fact not easy to determine the primordial abundances
from observations, because the observed abundances have been re-processed through stars and other astrophysical events.
In the following we give a brief summary of the present observational situation (Mo et al., 2010):

+ 4He: With its large abundances, it is relatively easy to make observations, and the abundances are often estimated
from ionized HII clouds by using the recombination lines. Since “He can be produced in stars, the estimates are the
upper bound of the primordial abundances. In order to reduce this contamination, observers often target metal-poor
gas clouds. In reality, observations are made as a function of metalicity, and the helium abundance is estimated
by extrapolating it to zero-metalicity. The current estimate is Y, = 0.24 & 0.01, but its abundance is relatively
insensitive to 7).

* 2D: The deuterium abundance is estimated from UV absorption lines in the interstellar medium or in Ly clouds at
high redshifts. Since deuterium is rather weakly bound, it is easy to destroy them, but at the same time, it is hard
to produce in stars. Therefore, the deuterium estimates serve as a lower bound. In particular, Ly« clouds at high
redshifts are quite close to primordial. The local estimates give [D/H]~ 1.6 x 10~°, while the estimates from Ly«
clouds yield 2.82 +0.53 x 10~°. Since the deuterium abundance sensitively changes with wy, its measurements are
crucial in determining wy,.

+ 3He: The abundance of *He can be measured by using meteorites and the solar wind in the solar system or by
measuring the strength of the 3He+ hyperfine transition line in HII regions. Old meteorites should contain material
at the formation of the solar system. Since 2D can be burned to *He in the Sun, the sum of (D+3He) is a good
measure of the pre-solar abundance from the solar wind. While 3He can be destroyed at the core of stars, it is much
harder than 2D. The current measurements from the Solar system give an upper limit on [(D + *He)/H] < 10~%.

« 7Li: Estimates of the “Li abundance come from stellar atmospheres. Since “Li is quite fragile, they are depleted if
transported deeper into the centers of stars, which results in significant variations in observations. With weak con-
vection, the estimates from metal-poor stars are believed to be more robust and close to the primordial abundances.
The current observations yield ["Li/H] ~ (1.5 + 0.4) x 10719,

With precise determination of 7’ and w;, from CMB measurements, the predictions of BBN are completely fixed
under the standard model of particle physics and cosmology, and they are used for consistency check with observations,
in particular, of the abundances of “He and 2D. On the other hand, the situation with 3He is too complex for a meaningful
comparison to be possible, and the results for “Li appear to disagree within uncertainties. This discrepancy reflects
observational challenges in inferring the primordial abundances, but it might imply that the early Universe might have
been different from what the standard model physics predicts.

1.5 Recombination and Matter-Radiation Decoupling

1.5.1 Recombination of Hydrogen Atoms

Once the nucleosynthesis is completed, the Universe consists of protons, helium nuclei, electrons, photons, decoupled
neutrinos, and a trace amount of other elements such as 2D, *He and so on. All particles except photons and neutrinos
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are already non-relativistic, and they stay in thermal equilibrium mainly through the electromagnetic interactions. As the
Universe cools, the next cosmological event is to form neutral hydrogen atoms by combining free electrons and protons,
which is called the cosmic recombination.

Assuming the thermal equilibrium and 7 = p, + fte, we can derive the hydrogen number density in the exactly same
way to Eq. (1.81) as

—3/2
g mel By
— e - =g, =2 =1 1.89
ng (gpge> npne< 9 ) eXp( T > ) 9gH = Ge » 9p s ( )

where the binding energy of hydrogen atoms is

By :=mp+me —mpyg =13.6eV . (1.90)

Mind that the degeneracy factor for electrons in neutral hydrogen atoms is g = 3 2n? ~ 2 and that for ionized protons
is g, = 1. Ignoring helium or any other elements nj, ~ n, + ny and assuming n, = n,, the hydrogen number density

can be re-expressed as
2 —-3/2
nyg Ne mel By
- _—= . 1.91
np <nb) 7y ( 2 ) exp< T ) ( )

By defining the ionization fraction (or how many free electrons), we arrive at the Saha equation for the ionization fraction
in thermal equilibrium:

Ne Ny 1-X, 32 (me)*3/2 By
X, =—=-—+<1 =4/—C((3 — — . 1.92
==t g, o=@ () e (192

Once the Universe cools below the binding energy By, the hydrogen atoms can form, but again due to the large number
of high-energy photons at a given temperature compared to baryons, the formation of neutral hydrogen atoms is further
delayed. If we define the completion of the recombination process as X, = 10%, the Saha equation states

-1
_ 13.6 0.9 32 me \3/2 _
O eXp(é) ) 0.1 (V B n) (fey) =32x107(@)7" (193)

where we defined

T 1+2
= ~ . 1.94
1eV 4250 (159
A numerical computation yields that the recombination takes place at
1367
1 N —— 124 Trec = 0. B L.
+ Zrec 1—0.0241nw, 9, rec = 0.3eV < By , (1.95)

a lot lower temperature than Bp;.

There are a few subtleties in the cosmic recombination. In a typical gas cloud, the recombination process takes place
by a direct capture of free electrons to the ground state (case A recombination) or cascades of electronic transition to the
ground state (case B recombination). Both of which are inefficient in the cosmic recombination, because both processes
result in high energy photons that ionize hydrogen atoms again. The main channel in the cosmic recombination is a
forbidden transition with I' &~ 8.23 sec™!, so called, the two-photon decay, in which two photons are emitted by an
electronic transition 2s — 1s, splitting the energy of Lya. The other process is the cosmological redshift of Ly« photons.
The detailed numerical computation shows that the ionization fraction X, = 1 at z > 2000 decreases as the Universe
cools, and it freezes out to a value X, ~ 1073 at z < 200.

1.5.2 Decoupling of CMB Photons and Baryons

e Decoupling of CMB photons.— The baryon-photon plasma (including leptons) maintains the equilibrium via Coulomb
interactions between photons and free electrons. At this low energy scales, the interaction is mainly elastic, and its
cross-section is described by the Thompson scattering as

8T o e?

o7 = 2 = 6.651 x 1072 cm? re = =2.818 x 107 cm, (1.96)
3 mecC?
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where the radius of an electron is defined in terms of the Coulomb potential. The Thompson scattering describes a
classical collision of ionized electrons. With higher mass, the Thompson scattering cross section for protons is smaller by
(me/ mp)2 = 10° and negligible, but the strong Coulomb interactions between free electrons and protons also keep the
protons in thermal equilibrium. As the Universe cools and free electrons recombine to form neutral hydrogen atoms, the
interaction rate in the baryon-photon plasma goes down:

Ne = Xe NNy, I'y =neore = 1.01\/075,99/4 exp [—668] sec !, (1.97)

and the photons are released (or decoupled) from the plasma, when the interaction rate becomes lower than the expansion
rate:

H ~ Ho/Qm(1 + 2)%/? = 8.98 x 10713/, 0%/% sec™ | (1.98)
where we assumed that the Universe is deep in the matter dominated era. The decoupling takes place at
9(;610 ~ 3.927 4+ 0.074 In (wb) , Tgec = 0.26 eV, 1+ 2zgeec ~ 1100, (1.99)
Wm

soon after the recombination of neutral hydrogen atoms takes place. Another way of understanding the decoupling of
photons is to compute the optical depth:

= cdt z 1425
S R P z0.37< ) , 1.100
7(2) /0 =z e 1000 (1.100)
where the numerical values are approximations to the best-fit model prediction. The Universe is fairly transparent at low
redshift, and it becomes quickly opaque around z4e.. A simple analytic calculation shows that the observed CMB photons
are indeed emitted at the peak of the visibility function defined as

P(r):=7e 74 (1.101)

which peaks sharply at z ~ 1067 with a width Az ~ 80. In other words, before the decoupling, the CMB photons were
in thermal equilibrium with baryons via Thompson scattering, and they are un-polarized and opaque. However, within a
narrow redshift width, they are released from the baryon plasma, and they are weakly polarized via last scattering.

e Decoupling of baryons.— Now we consider the decoupling of baryons from the baryon-photon plasma. While the
photons are released at z4.. ~ 1100, the baryons are kept in thermal equilibrium long after the decoupling of photons, due
to large number of photons per baryons. In general, the matter components cool as T}, o< 1/a?, faster than the photons,
but because of the tight coupling it goes as T, ~ T, o 1/a until it is released from the photon plasma, i.e., energy
is transferred to the baryon plasma from the photon plasma by the Compton scattering of high-energy photons. For the
decoupling of photons, the relevant interaction rate was I'y, and no energy transfer was made. For the decoupling of
baryons, however, we have to account for this energy transfer to compute the proper interaction rate I'..
The typical average energy transfer due to one Compton scattering of high-energy photons is given by

4 2 _ kT, _

AE27<E) By=a )X B =hr="2 (1.102)
3\¢c mec? ) ny Ty

and with larger number of photons 7., the energy transfer rate per unit volume is then

de kT,
p7i AE n,I'y = 4neoru, <mec> ) (1.103)

Since free electrons are tightly coupled with free protons, this energy transfer is quickly shared with protons of typical
energy density

3
€Em = §(ne + np)kTe . (1.104)
Therefore, the proper interaction rate for electrons to be compared to the expansion rate is then
1 de X
Fe=——=89x10°( "5 )¢*sec’ 1.105
¢ o di <1+X6> I (1.105)

17



AST513 Theoretical Cosmology JATYUL YOO

and the baryon plasma decouples at

2
~ 150 . 1.106
1+X€> o~ 150 (1.106)

1—|—z:6.8<

Note that the Compton scattering conserves the number of photons, such that it can lead to a spectral distortion. How-
ever, the small baryon-to-photon ratio makes it negligible for the photon plasma. The free-free emission and absorption
(Bremsstrahlung) can create and destroy photons, such that it is needed to thermalize. However, this process is inefficient
atT < 10%eV.
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2 Newtonian Perturbation Theory

2.1 Standard Newtonian Perturbation Theory

2.1.1 Summary of the Governing Equations
In Newtonian dynamics, fully nonlinear equation pressureless fluid (CDM and baryons) can be written down:
.1 1 . 3H? 1
S+-V-v=—=V-(vd), VA+HY Vv ——aQnd = —=V-{(v- V) V], V3¢ = 41Gpa’s .

a a a

(2.1)

The Euler equation can be split into one for divergence and one for vorticity. The vorticity vector V X v decays at the
linear order. At nonlinear level, if no anisotropic pressure and no initial vorticity, the vorticity vanishes at all orders.
However, in reality, the anisotropic pressure arises from shell crossing, generating vorticity on small scales, even in the
absence of the initial vorticity. Of course, baryons are not exactly pressureless; they form galaxies, and their feedback
effects are also important up to fairly large scales. These all modify the SPT equation.

e regime of validity, measurement precision, analytic vs numerical simulations, galaxy surveys

2.1.2 Basic Formalism

We consider multi-component fluids in the presence of isotropic pressure. In case of n-fluids with the mass densities o;,
the pressures p;, the velocities v; ( = 1,2, ...n), and the gravitational potential ®, we have

1 n
Qi+V'(QiVi) :0, \‘/i—FVi'VVi:—fVZ)i—V(I), VQ(I):47TGZQ]' . (2.2)

4 =1

Assuming the presence of spatially homogeneous and isotropic but temporally dynamic background, we introduce fully
nonlinear perturbations as

0i = 0i + 004, Pi = Di + 0D; , v; = Hr + u; , ®=%+5P,(2.3)

where H := a/a, and a(t) is a cosmic scale factor. We move to the comoving coordinate x where

1 0 0 0 0 0
ri=a(b)x, V= Ve=oVa, ot "otk otk (875 rx) Vx Ot‘x X Vx
2.4)
In the following we neglect the subindex x. To the background order we derive
- _ . 9o G 4nG _ s 871G _2F
0i+3Hp; =0, H+H? =—=——~ j 9, H —Szjjgijaz,(ZS)

where the second equation is derived by taking the divergence of the Euler equation and for the third equation we used

(a2H?) = 20*H (H?+ 1T) | Y (a%) = —a*HY o 2.6)
The integration constant E' can be interpreted as the specific total energy in Newton’s gravity; in Einstein’s gravity we
have 2E = — K ¢? where K can be normalized to be the sign of spatial curvature. Note the difference in the background

equation in Newtonian cosmology. The nonlinear governing equations can be expressed in terms of the perturbation
variables as

.1 1 1 _, _
b+ -Vow = V- () V70 = 47TGZ 0,05 , 2.7)
J

1 V(Spl 1
— —=Vid. 2.8

1
ﬁi—l—Huﬁ—fui-Vui:—
a
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By introducing the expansion 6; and the rotation W of each component as

1 1
97; =—-V_ u; , jz = -V x u; , (2.9)
a a
we derive
. _ 1 1 V(;pl
0, + 2HO,; — 4wazj: 00, = =V (w; - Vug) + azéiv . <1 - 5i> , (2.10)
. 1 1 (Vd;) x Vop;
Wi+ 2HT, = —= iV : : 2.11
+ a2V>< (u Vu)-i—az@i 1102 (2.11)
By introducing decomposition of perturbed velocity into the potential- and transverse parts as
(v) (v) _ A 1 )
u; :=—-VU; +u; ", V-ou ' =0, Qi:gUi, ﬁi:5qu&.L2)
we have
v v 1 1 ) _ 1 /s
a® 4 Fa® = L v+ LY gaty (v 2P| (2.13)
i ¢ a 0i 1+9; 0i1+9;
Combining equations above, we can derive
. . _ 1 | 1 Vop;
0; +2HE; — 4TFGZ 0j0; = ) [aV - (0;u;)] + ?V (v - Vuy) + a2§iv : (1 n (5@'> . (2.14)

J

These equations are valid to fully nonlinear order. The density fluctuation grows against the Hubble friction. Notice that
for vanishing pressure these equations have only quadratic order nonlinearity in perturbations.

e numerical simulations, baryons

2.1.3 Linear-Order and Second-Order Solutions

We will derive the solutions for a single pressureless medium (now we change notation u; — v; & — ¢)
.1 1 ; _ 1
04+ -V.-v=—=V-(0v), 9+2H0—47TG95:—2V~(V-VV) , (2.15)
a a a

where we now use v to represent the velocity perturbation. These are the governing equation for the cosmological N-body
simulations. The calculations are greatly simplified in Fourier space, and our convention is

3
A(x) = / (;lﬂl)‘?) e > Ak) Ak) = / d3x e > A(x) (2.16)

and we often use the identity:
d3x
Pk)= [ —— >, 2.17
19 = [ s @17)
First, we derive the linear-order solution. The conservation equation yields

Wt k) = 0W (¢, k) . (2.18)

At the linear order in perturbations, we can separate the time-dependence and the spatial-dependence, i.e., all different
Fourier modes evolve at the same rate, and the growth rate D satisfies

D+2HD — 47Gp,D =0, D(t) = , (2.19)
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where the (dimensionless) growth factor D(t) is normalized to unity at some early epoch ¢y when the nonlinearities are

ignored 0(to, k) := 5§1)(t0, k) = b (k). The growth eqaution is scale-independent, i.e., the perturbations on all scales
grow at the same rate. In fact, the growth factor can be derived in Eq. (4.176) as

D(t) o ey (k)H(t) / 2‘22 +ea(K)H(L) (2.20)

where the second term is the decaying mode we will ignore here. The linear-order solution for the density and the velocity
divergence is then

dlin D

50 (1, k) = Dt)5(K) 0\ (t. k) = HfD(1)(k), ~ dina’

D=HfD,
(2.21)
where the superscript indicates the perturbation order, the logarithmic growth rate f is approximately time-independent
and it is unity f = 1 in the matter-dominated era.
To derive the second-order solution, we need to Fourier decompose the source terms in the right-hand side of the
dynamical equation. At the second-order in perturbations, the quadratic terms represent the product of two linear-order

terms. Furthermore, the quadratic product in configuration space becomes the convolution in Fourier space:

1 @ [ PQ [dPQ2, s.p Q1 @2\ : 0\
oveew| - apor [ 3 [ SR enttc- qu (1+ D52 ) dQui@y) . e22)
1 @) B BQr [ d*Q Q1+ Q21*Q1 - Qz
{Gvvmm} = [GR [ 0npal - @u BB LiqQui@) e

where we defined Q12 = Q1 + Q2. Using the source functions in Fourier space, we can solve the governing equations
for the density and the velocity divergence as

@ 3 3 < s @)’ @
51()752,k) _ /d qi / ’qi (271267 (k — qu12)8(q1)8(q2) [5+2(q1 9) I T <m+gj>] ,(2.24)

(2m)3 ) (2m)3 T T @g 2q1¢2 \ ¢
02 (t, k) dBaq dBaq 3 & : 3 4(ar-a2)? a2 (¢ @
— = 21)36P (k — 5(qy)d 42 L2 .25
HfD? / <2w>3/ myp )07 (ke — az)d(@)o(az) [7*7 22 2gg <QQ+Q1>] (225)

o HW: derive the second-order solutions

2.1.4 General Solution

Beyond the linear order, the density and the velocity divergence grows in a nonlinear fashion, i.e., different Fourier modes
couple. By assuming the separability of the time and the spatial dependences, the standard perturbation theory (SPT)
takes a perturbative approach to the nonlinear solution:

S(t,k) = an [H/ dqz 3 ](277) 6P (k — quzn)ED (qu, -+ an) ZD” M (k) , (2.26)

9%;) = ZDn [H/dqz o ](2”)5 (k = qi2.0) G (a1, an) = ZDn "), 227)

where q12.., = q1 + - + qn, 5(”)(k) and 9(") (k) are time-independent n-th order perturbations, FTQS) and Ggf) are
the SPT kernels symmetrized over its arguments. With these decompositions in Fourier space, the LHS of the Newtonian
dynamical equations become

D?’L

5+6:HfiD" (ms(”)—e(")) , 0+ 2H0 — 4nGpnd = H2f2> " —
n=1

. [(1 +2n)0™ — 35

(2.28)

21



AST513 Theoretical Cosmology

JAIYUL YOO

where we utilized the relation between the growth factor and the growth rate D = HDf. The RHS of the Newtonian

dynamical equations are the convolution in Fourier space:

a

(2r)?

3 3 [e's)
[—1v.(5v)} (k) = / ég; / Q2 5 135D (k — Q12)0120(Q1,1)5(Qa, ) szZlD”An(k),

(2.29)

{;V-[(v-V)v]}(k)_/El;f));/dw? (27)%67 (k — Q12)p120(Q1,)0(Q2,t) = H2f* >~ D" B, (k) , (2.30)
n=1

(27)?

where the vertex functions are defined as

arg = a(Q1,Q2) =1+ @1 @

P12 == B(Q1,Q2) =

Q1+ Q2/°Q1 - Q2

P} )
Q1

and the n-th order perturbation kernels A,,(k) and B,, (k) are

n 3¢ .
m@>zlﬂjé$&w

20703

n—1

i=1

n d3 o n—1
Bn(k) = [H/ (27313 5(%’)] (2m)%6" (k — a12n) Y Br2Gilan, -+ @) Gni(Qit1, -+ )

=1

with Q1 = q1..; and Q1 + Q2 = k.

(21367 (k — d12n) Y 012Gilan, -+ i) Foi(ditt, -+ ) |

2.31)

(2.32)

(2.33)

Therefore, the two Newtonian dynamical equations become algebraic equations with the time-dependence removed:

nd™ — g — A, (14 2n)0™ — 35 = 2B, ,

and the well-known recurrence formulas for the solutions are

(n) —
o = 2n+3)(n—1) ’ o 2n+3)(n—1)"

and similarly so for the SPT kernels

n—1
G
o= Z (2n +3)(n— 1) (14 2n)aioFyh—i + 2012 Gn—i] ,

n—1

G;
Cn = Z(2n+3)(n—1)

[BaraFy_i + 2nB12Gn_] , Fir=G;i=1.
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3 Probes of Inhomogeneity

In cosmology, the initial condition is set in the early Universe with Gaussian random fluctuations in Fourier space, as the
quantum fluctuations in vacuum are stretched beyond the horizon scales during the inflationary epoch. Since the Gaussian
distribution is completely specified by the variance, the power spectrum contains all the information in the early Universe.
However, the nonlinear growth in the late time complicates the interpretations. Here we focus on the linear theory and
study various ways to measure the two-point statistics.

3.1 Basic Formalism

3.1.1 Two-Point Correlation Function and Power Spectrum

e 3D information.— Suppose that we use some cosmological probes such as galaxies and measure, say, the matter density
fluctuation 6. Now imagine we have measurements of such probe over all positions x. We can then measure the two-point
correlation function £(r) and its Fourier transform, the power spectrum P (k):

d3k ik-r / 33D /
E(r) = (6(x)d(x+ 1)) = / 2n)? e*TPk), (0(k)o(k')) = (2m)*6°" (k + k') P(k) , 3.1
and the variance is 3 3
o? =¢£(0) = /dlnk 27213(1@) : A} = 57 (k) , (3.2)

where A% is the dimensionless power spectrum and it is the contribution to the variance per each log k.

Note that different Fourier modes are not correlated in the initial condition and the power spectrum characterizes the
Gaussian distribution at each Fourier mode.! Therefore, using cosmological probes, we need to measure the distribution
map §(x) and compute the two-point correlation function or the power spectrum.

e 1D information.— Spectroscopic measurements of distant quasars yield the density fluctuations of neutral hydrogens
along the line-of-sight. In this case, we probe the density fluctuation, but only in terms of the line-of-sight separation, say,
z-direction. Given the 1D map, we can measure the 1D correlation function, and it is related to the power spectrum as

3
10 (2) = (5(x)3(x + 7)) = / (ZWI;B k= Py (k) | (33)

where the separation vector is z = 2Z along the line-of-sight direction. We can also define 1D power spectrum that is a
Fourier counterpart of the 1D correlation function:

00 dk‘/‘ © Jk
KPR = [ 5ERPH) . G
k» ™

. 31,/
Pip(k.) = / dz e (2) = / (C;Fk)gP(k')élD(ké—kz) = /0 5= K

where we again assumed that the 3D power spectrum is isotropic. The 1D power spectrum is the projection of the 3D
power spectrum over 2D Fourier space. For sufficiently high £, it is largely one-to-one, though it has bias (called aliasing)

on low k. This relation can be inverted as or d
™
Plk)=———P .
(k) "k 10 (k) , (3.5)

and the dimensionless power spectrum in 1D is

k. k.
oy = /dln k. ?PlD(kz) , A} 1p = — Pip(k.) . (3.6)

"However, as we studied in Section 2, the nonlinear evolution results in the mode coupling.
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e 2D information.— Though the distance in cosmology is difficult to measure, it is easy to have 2D information on the
sky. We define the 2D power spectrum in a similar way as the Fourier counterpart of the 2D correlation function:

/
Pop (kz, ky) / dx / dy e~ haTe=tkuy ey (1 y) = / dk, P(ky, ky, k) = / il ——— L (k) (3.7)
ki

\/7

where k:i =k + k; The 2D power spectrum is the projection over 1D Fourier space, and its similar relation to the 3D
power spectrum exists. This relation can be again inverted by using the (non-trivial) Abell integral as

P
/ dik) —2 Pop(ky) (3.8)
/k2 —ka

and the dimensionless power spectrum in 2D is then

k2 k2
U%D:/dlnkL%LrPgD(lﬂ), A“D_ ;Pm(lﬁ). (3.9)

The projection-slice theorem says Fourier transformation of the projection is the slice of its Fourier transformation. It
means exactly what we derived here. A similar relation holds in configuration space. The projected correlation function
is related as

1 [ wp rp
—— 3.10
7r/r (3.10)

wp(ry) = [tz =2 [ " \ﬁ N

3.1.2 Angular Correlation and Angular Power Spectrum

We briefly covered the statistics in a flat space. However, the sky is round, and we can only make observations by measur-
ing the light signals. The cosmic microwave background anisotropies, for example, are measured only as a function of the
angular position on the sky at the Earth. In cosmology, we often have angular information, but no distance measurements.
Since this measurement 5(@) is defined on a unit sphere, we can decompose it in terms of spherical harmonics as

= " mYim(9) , - /dQé Y5, (0)6(6) (3.11)
m

where we have discrete sum, instead of integral in Fourier space. The reality condition for § imposes
ay, = (—=1)"a;_pm, . (3.12)

Similar to the case in 3D, we can define the angular correlation function and its Fourier counterpart:

. Aa A e A 20+1
w(3) = (5(0)s(0+4)) = ZZ CtYim (8 + )Y, (0) = le 1 Cila(cos7) . (3.13)
m
where we used the relation
(i) = bt G = 1 L/ﬁ’l 61t G (3.14)
and the Legendre polynomial is related to the spherical harmonics as
l 4 P
L — = . . .1
)= ST Yim (01) Y35, (02) p="01 -6 (3.15)
m——
The angular power spectrum can be obtained as
1
C = 27T/ dp Ly(p)w(0) . (3.16)
-1
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3.1.3 Flat-Sky Approximation

When the area of interest is relatively small in the sky, we can use the flat-sky approximation, and it often overlaps with the
distant-observer approximation, in which the observer is so far away that the position angle is virtually constant, compared
to their relative positions. In this case, the angular correlation and its power spectrum are closely related to those in flat
space.

Now consider the 2D correlation function op and 2D power spectrum Pop (k):

ko A 1 l
&n(z,y) = / (2W)L2 eMLX Py (kL) = / )2 e"op, Pr= 5P (kj_ = r) ; (3.17)

where we used x| = 0 and defined the (flat-sky) angular power spectrum P;. Note that the 2D power spectrum is di-
mensionful, but the angular power spectrum is dimensionless. Given the radial distance r, the 2D correlation function £sp
can be considered as the angular correlation function, and assuming that the angular power spectrum is independent of its
direction, we can further simply the relation:

w() = €a0(r6) = [ 5 1P Jo16). (3.18)

where Jy is the Bessel function. The (full-sky) angular power spectrum is then obtained as

201
C) = 27r/du Li(p)w(0) ~ Zl’Py 57 _:_l 1
l/

~ P, (3.19)

where we manipulated the Bessel function for/ > 1 and § < 1

I 1 (" fcosp\' 1 (™
Jo(ze)z/ dqbe”acowz/ dep <1+”05¢> :/ de (cosd + isin 6 cos ¢)' = Ly(cosh) . (3.20)
0

™ Jo ™ Jo l 7

The angular quantities such as w(6) and Cj are defined on a unit sphere, whereas the 2D quantities such as {&op and Pop
are defined on a 2D flat space. Hence, the former is related to each other via spherical harmonics, and the latter via
Fourier transformation. But they are defined in a way that the angular power spectrum C; and its flat-sky counterpart P,
are equivalent in the limit of small sky.

3.1.4 Projection and Limber Approximation

We often measure some angular quantities in cosmology, but they are often the projection of the 3D quantities. For
example, one can measure the angular map in a given galaxy survey, but the angular quantity d2(#) we measure indeed
derives from the 3D quantity d(x), but projected along the line-of-sight direction with some weighting W (r):

92(0) = /dr W(r)é(x) , x = (rf,r). (3.21)
The weight function is normalized to unity and it is often parametrized in terms of redshift as
1= /dr W,.(r) = /dz W.(z), (3.22)
where the weight function can be dimensionful, depending on its parametrization. The angular correlation is then
w(f) = (92(0)62(0)) = /drl W(r1) /d?”g W (ra) &3p(r) ro~ (ri@,ro —1r1), (3.23)

where we assumed the flat-sky approximation. The angular power spectrum is

2 . s 1
Pl :/ d=0 e—zl-ew(g) — /drl W(’rl)/d’l“g W(T‘Q)/C;k e_’tkz(m—rl)—QP |:<k7L = l,kz>:| . (324)
1

(2m)? ™ r
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Since we work in the flat-sky regime (or the distant observer), the radial distance is far larger than the transverse separation
r > r6. Hence, we have the separation of scale in Fourier space

k| =

S|

1
~— > -~k (3.25)
rf

N |~

and the power spectrum can be approximated as

apP dpP dP k? P P
Pk)~ Pk =k —k, + O(k,)? k=P~~~ P. 3.26
(k) = Pk = k1) & G-k + O(k2)7, TR el A (3:26)
Keeping the leading term in the power spectrum, we can integrate over k, and approximate the angular power spectrum
as
W2 [
P~ [ dr 2(r) P Kk:L = k)] . (3.27)
T T1

This is sometimes called the Limber approximation. When the window function is sufficiently broad compared to the
coherent length scale of the correlation, the Limber approximation is very accurate and useful. Its relation to the angular
correlation is

w(f) = / Qd—l LP, Jo(10) = /dk: kP(k)F(k,0) , (3.28)
Y
where we defined the kernel
_ [ Ay _lfdlige(l
F(k,0) := %W (r)Jo(krf) = ? / 27rW (k) Jo(kr0) . (3.29)

3.2 Matter Power Spectrum

The evolution equation (2.19) for the matter density growth yields simple solutions for the matter-dominated era (MDE)
and the radiation-dominated era (RDE):

Dinde X a Dige x a® | (3.30)

where the solution can be verified by direct substitutions. The growth in MDE is scale-independent, such that the pertur-
bations on all scales grow equally in proportion to a. However, the growh in RDE is a bit different. In fact, the evolution
equation is not valid in RDE, as we derived the equation by assuming the presureless medium, whereas the Universe in
RDE is dominated by radiation (with large pressure). On small scales, the matter density cannot grow due to the radiation
pressure, so no growth during the RDE, but on large scales (larger than the horizon scale in RDE) the evolution equation
is valid, as the effect of pressure is negligible.

Therefore, the matter density fluctuations on large scales can continuously growh throughout the periods of RDE and
MDE, while those on small scales cannot grow, once they enter the horizon during RDE (remember that all modes were
outside the horizon after inflation). So the scale of comparison is naturally the equality scale kgq, where the epoch of
equality is defined as p,,, = p, at tgq (or zgq ~ 3000). The modes larger than the equality scale k4 < kgq stay outside
the horizon during RDE, so that they continue to grow until today:

2
S(kasto) = d(kast;) (aEQ> (“0> , 3.31)

a; apqQ

where ¢; is the initial time after inflation and ¢ is the present time. Similarly for the mode kgq, and hence the ratio of the

power spectra at k4 and kgq is

P(ka;to) |: P(ka) :| ( ka >ns

= = (== ) (3.32)
P(kpqito)  [P(keq)l,, \keq

For a mode k4 < kgq, the power spectrum is essentially primordial, up to the amplitude.

2For calculations outside the horizon, we need relativistic equations, so the validity of our Newtonian equation in this regime is a bit of coincident.

26



AST513 Theoretical Cosmology JATYUL YOO

The modes smaller than the equality scale kp > kgq start outside the horizon during RDE and grow for some time.
However, after they enter the horizon during RDE, their growth freezes, until the Universe becomes MDE, so that their

growth is
2
6(kp;to) = d(kp;ti) (a*> (CLO) : (3.33)

a; aEQ
where a, is the time at which the modes kp enter the horizon, i.e., kg = H(t,). During RDE, the Hubble parameter H is

proportional to a2, and the conformal Hubble parameter 7 := aH. Therefore, the scale factor at the horion crossing is
a,  1/kp, and the ratio of the power spectra at kg and kgq is then

P(kp;to) [P(kB) ] < x >4 _ <kB>nS4 (3.34)

P(kpqito) | P(keq)],, \arq keq ‘ '
Compared to the initial condition, the growth in the matter power spectrum is suppressed on small scales due to the
radiation pressure.

In fact, the dark matter density can still grows in RDE on small scales, as they do not feel the radiation pressure.
However, the growth is indeed slowed due to the rapid Hubble expansion in RDE, so that the growth is only logarithmic,
and the suppression on small scales is in fact (In k/k?)2, instead of (1/k2)2. This growth of dark matter density during
RDE is important for structure formation today. CMB observations show that 87 /T ~ &, ~ 107 at z = 1100. According
to linear theory, this small matter density fluctuation can only grow by D(z = 1000)/D(z = 0) = 1000 to d, ~ 0.01,
which is not enough to form any nonlinear structure today. With dark matter already growing for a while, baryons can
catch up quickly, once released from CMB.

3.3 Peculiar Velocity

3.3.1 Observations of Peculiar Velocities

The distant objects such as galaxies are receding from us due to the Hubble expansion, and this expansion (or the receding
velocity v) is measured by the redshift z of the known line-emissions from the distant objects:

A0 S
147 = 200 (3.35)

Arest

If we interpret this measurement as the Doppler effect, we obtain the receding velocity
1+zz1:|:9, vV=cz. (3.36)
c

What happen to the objects at z > 1? We can use the relativistic Doppler effect to obtain the receding velocity less than
the speed of light, but this velocity is not really the physical velocity of the objects. The dominant contribution to the
redshift is indeed the expansion of the Universe.

However, in addition to the Hubble expansion v, these objects are also moving, and this motion is referred to as
the peculiar motion v,,. Due to the peculiar motion, the Doppler effect also contributes to the receding velocity, and the
receding velocity can be written as

v=vyg + U, vg = Hd =Hr, 3.37)

where the object is assumed to be at the physical distance d (or comoving distance 7). The redshift measurements (or
the receding velocity) yield only the radial component of the receding velocity. The tangential peculiar motion can be
measured. However, since this requires measurements of the angular motion of the distant objects over a long time, it is
practically limited to the nearby objects such as stars in our own Galaxy. The measurements of the radial peculiar velocity
also requires precise measurements of the distance d, which is very difficult in cosmology. For example, 10% error in the
distance measurements at d = 50 »~'Mpc yields the error of 500 kms™! in the peculiar velocity measurement. There-
fore, the peculiar velocity measurements are also limited to the low-redshift objects.

e receding velocity at z > 1, gauge ambiguity, SN Ia or SZ measurements
o HW: derive Eq. (3.36) from Eq. (3.37)
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3.3.2 Linear Theory

In Chapter 2, we learned that the velocity divergence is related to the density fluctuation:

95—%V-'v:Hf5. (3.38)
Ignoring the vector perturbation, the velocity can be expressed in terms of the velocity potential U as
v=-VU, 0 = %AU , U=HfATLS, v=-HfVATLS. (3.39)
In Fourier space, the inverse Laplacian can be readily manipulated, and the velocity vector becomes
Uk) = ;Zéf (k) , v(k) = zkt:éfé(k) (3.40)
where we suppressed the time-dependence, for example,
(k) = D(t)d(k,t,) - (3.41)

3.3.3 Two-Point Correlation of the Peculiar Velocities

Given the peculiar velocity (vector) field, we can compute the two-point correlation function of the peculiar velocities at
two different points:

3k kik; . A
\I/ij(r) = <'UZ'(X)'U]‘(X + I‘)> = / (271')3 e’ HQfZPm(k) k4j = \I/J_(T)((sij — Tﬂ"j) + TZ'TJ‘\I/”(T) , (3.42)
where 7; = r; /|r|, the matter density power spectrum is
(5(k)5(K")) = (2m)%6" (k + K') P (k) , (3.43)
and we defined two velocity correlation functions, ¥ along the connecting direction and W perpendicular to it:
dk Ji(kr) / dk 271 (kr) d
U, = 2f2p U= 2f2p kr) — =—[rv 3.44
L= [ rr 1 | S WP [jo(kr) — 2LV = L ()] G4y
where we used L
[ et = 2o [ et = 2w - 4 1), (3.45)

If we define the multipole correlation function of the matter as

/ 5 K" ji(kz) P (k) (3.46)

we can show that the velocity correlation functions are

U)o % (&0 —2¢89) , U oo = (50 +€9) . (3.47)
The two-point correlation function of the velocity inner product is then
(w(x) - v(+r)) =T (r)+2V,(r), (3.48)
and its variance is
7o = (vla) (o)) = [ 57 HFP(). (3.49)

Since the peculiar velocity is often measured along the line-of-sight direction only, one-dimensional variance is often used
in literature:

1
o’y = gagD : (3.50)

For the same reason, the two-point correlation function of the line-of-sight velocities is often measured, and it is related
to the velocity correlation W;; as

(ViVa) = fgifig; Ui Vi = idv(z1) = x1/[x1/, (3.51)

where 7 is the line-of-sight direction for the position x;.
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3.4 Redshift-Space Distortion

3.4.1 Redshift-Space Power Spectrum

In cosmology, we rarely know the physical distance to any of the cosmological objects, but we can measure their redshift z
with relative ease. The redshift-space distance s is then assigned to the object as

z dz/

= —. 3.52
s i (3.52)
As we discussed in Section 3.3.1, the observed redshift is the sum of the Hubble expansion and the peculiar velocity.

However, since it is measured in terms of wavelength, it is more convenient to express it as
l+2z=(1+2)(1+02), z=z+(1+2)0z, (3.53)
where the redshift z in the background would represent the comoving distance to the object in the background
Zd r

d = (3.54)

r= I —
0 H 1+Z

and the peculiar velocity or any contributions to the observed redshift other than the Hubble expansion is described by the
perturbation §z:

dz=vp+---. (3.55)
To the linear order in perturbations, we can expand the redshift-space distance as
+z v 0

~ 0z = =L =—f A" 3.56

s bz = v, Y 2 f o : (3.56)

where we replaced z with z at the linear order. Despite the distortion in the radial distance, the number of galaxies
we measure in a given area of the sky remains unaffected: n,(s)d®s = ny(r)d3r. Therefore, the observed galaxy
fluctuation J, in redshift-space is related to the real-space fluctuation d, as

() ( dy

—1
- s 1+ dr) (1+4,). (3.57)

d3s

ng(r) a’s
d3r

ng(s)
This relation is exact but assumes that the redshift-space distortion is purely radial, ignoring angular displacements.

One can make a progress by expanding equation (3.57) to the linear order in perturbations, and the redshift-space
galaxy fluctuation is then

14465 =

d «
0s =05 — | —+— 3.58
s = Og < o T r> V, (3.58)
where the selection function « is defined in terms of the (comoving) mean number density 1, of the galaxy sample as
dlIn 7’2ﬁg rH dlnn
=—2F =2 7. 3.59
“ dlnr +1+z dIn(1 + z) (3-59)

By adopting the distant-observer approximation (r — oo) and ignoring the velocity contributions, a further simplification

can be made:
dV
0g >0y, — — =
I dr /

where we used the linear bias approximation ¢, = b d,, and the cosine angle between the Fourier mode and the line-of-

dgk ik-s 2
s € (b F1i) SR (3.60)

sight direction is g, = S - k. The galaxy power spectrum in redshift-space is then readily computed as

Py(k, i) = (b+ f1uz)* P (k) . (3.61)

This redshift-space distortion effect was first derived by Nick Kaiser in 1987. Due to our redshift measurements as the
radial distance, the Doppler effect affects our observation of the number density in redshift-space, such that the galaxy
power spectrum becomes enhanced along the line-of-sight direction, representing the infall toward the overdense region.

e random motion on small scales, growth rate of structure
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3.4.2 Multipole Expansion

The Kaiser formula for the redshift-space power spectrum indicates that the power spectrum is anisotropic, i.e., it depends
not only a Fourier mode k, but also its direction. So, it is often convenient to expand Ps(k, 1) in terms of Legendre
polynomials L;(x) as

Po(k,pe) = Y Li(ur) P (k) (3.62)
1=0,2,4

and the corresponding multipole power spectra are

5 20 +1 [1
Pr(k) = —5— X dpi Li(pure) Ps (e, pur) - (3.63)

With its simple angular structure, the simple Kaiser formula in equation (3.61) is completely described by three multipole
power spectra

2
) Bl P = (L + L) Pt P{() = o FPu(F)
(3.64)
while any deviation from the linearity or the distant-observer approximation can give rise to higher-order even multipoles
(I > 4) and deviations of the lowest multipoles from the above equations.
The correlation function in redshift-space is the Fourier transform of the redshift-space power spectrum Ps(k, ).
With the distant-observer approximation the redshift-space correlation function can be computed and decomposed in
terms of Legendre polynomials as

2
Ps(k) = <b2+2§b+f5

3 .
) = [ gy € Plbo) = S0 L €165). (3.65)

3
(2m) 034

and the multipole correlation functions are related to the multipole power spectra as

dk k2
G = i [y PRk, (3.66)
P = an(-) [ doai(e)itke) (3.67)

where j;(x) denotes the spherical Bessel functions and the cosine angle between the line-of-sight direction fi and the pair
separation vector s is 4 = 11 - §. With the distant-observer approximation, there are no ambiguities associated with how to
define the line-of-sight direction of the galaxy pair, as all angular directions are identical.

3.5 Galaxy Clusters

So far, we discussed the two-point statistics of some cosmological probes. One-point statistics such as the number density
has also important cosmological information.

3.5.1 Spherical Collapse Model

A simple spherical collapse model was developed long time ago to serve as a toy model for dark matter halo formation.
The idea is that a slightly overdense region in a flat universe evolves as if the region were a closed universe, such that it
expands almost together with the background universe but eventually turns around and collapses. The overdense region
described by the closed universe would collapse to a singularity, but in reality it virializes and stops contracting. By using
the analytical solutions for the two universes, we can readily derive many useful relations about the evolution of such
overdense regions.
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Einstein-de Sitter Universe
A flat homogeneous universe dominated by pressureless matter is called the Einstein-de Sitter Universe:

831G
H =), pm =2 (3.68)
3 a3

where the reference point ¢ satisfies a(ty) = 1. This simple model is indeed a good approximation to the late Universe,
before dark energy starts to dominate the energy budget. The evolution equations and the solution are

2/3 2 3

t t

o <> _ (”) 7 L <’7> , no = 3t | (3.69)
to Mo to o

2 2 1 2 1
H=- H="1, r=ny-n=-—[(1-——), 370

3t n T 6rGE2’
where the reference time can be any time ¢y € (0, 00). At a given epoch ¢y, one can define a mass scale

4m H? 2 1 2
M:=—py=—2 = , =, Hy=—. 3.71
377 2G "~ 9Ge 0= 6rGe2 *= 34 S

Closed Homogeneous Universe

An analytic solution can be derived for a closed universe with again pressureless matter. The evolution equations for a
closed universe and their solution are parametrized in terms of  as

1— —si P
G = 050 R el L = 2y 0cl0,2r], (372
2 ™ a Tay
_1da (dt\"' w1 sin6 -, 81G K K (&

g=-%(2) T__#hY 2= (B 3.73
ado <d9> t (1 —cosf)2’ 3 MmT @ @2 (a ) ’ 73)

w2a? 3Ka; 1 po (0 — sin 0) ay
K="% B = —=2 p= WS dn = 246 (3.74
a2 Pm= "8G & ~ WK =R e

where we used tilde to distinguish quantities in the closed universe from the flat universe and the maximum expansion (or
turn-around ay) is reached at 8 = w (H; = 0). The density parameters are related to the curvature K of the universe as

87G H? 4 16 [ # \2
E="Z0_20_ _— | Lol ) =al (3.75)
3 ag 9tgay 9 \ 7o

Note that we used the same pg for p,,, to simplify the calculation, but it retains the full generality (mind that @ # 1 at £).

Spherical Collapse Model
The time evolution of the overdense region can be derived in a non-perturbative way as

. 5 a2
14s=Dm (9) _90=sn0)" a0, (3.76)

Pm a 2(1—cosf)?

where we used

= (1) 2 (1) (0 sinoy? = () 0 eostP =2 (1) ety . a7
a = tO = 71-t0 S y a = B COS = 9 7rt0 COS . .

The density contrast vanishes at # — 0, which implies that p,,, = p,, only at § — 0 (or ¢ — 0). The density contrast ¢; at
its maximum expansion
Ry 3.78
+ 0 = 6 — 20 (3.78)

is about a few, while the density contrast ¢, at its virialization

1+6, =187% ~ 177.7, (3.79)

31



AST513 Theoretical Cosmology JATYUL YOO

is a few hundreds, under the assumption that the overdensity region virialized at the half of its maximum expansion. Note
that the universe further expands and the background density is reduced by factor 4, until it collapses at ¢, = 2t; (or
0 = 2m).

Finally, expanding the expressions to the linear order

= — 0°+--- 0= —0 3.80
4= 36173 (nm) * ’ 20 ’ (3.80)
and evaluating the linear order expressions at 6; for a; and §;, we first compute
L 2 g6l/3 ( 2L 3.81
a; 20 <7T to + ’ ( )

and the density contrast linearly extrapolated to late time and its value at virialization are then derived as

1/3
5L:éi&:]j&:d%<g) (0 — sing)?/3 Dxa. (3.82)

This equation implies that at the time of collapse the density contrast dy, is
0y ~ 1.686 . (3.83)

For || < 1, we derive the relation

341 55805 2815 590725
§ =0, A—é ) A ey, L SR b =5 gy 210 ST 3.84
L ¥ 567°L T 30077k T L 21 3969 916839 (354
Biased Tracer
For any biased tracer d x, the Eulerian and the Lagrangian bias parameters can be written in a series
b .
&ZEJW, &:2”%, (3.85)
n—= n

where the superscript L represents quantities in the Lagrangian space. If the number density of the objects X is conserved
pd3x=pdiq, px d*z = pk d3q, s 140 = (14+0)(1+6%), (3.86)

the bias parameters are related as

8

1 4 220, 47632
bu=bi+l, bbbl b= b Sy T L 40, 7220, | 476320

7 b= 132?>b ba=bi~ 7 7ot 1323b +305613

This simple relation owes to the fact that the spherical collapse model is local in both Eulerian and Lagrangian spaces.

b (3.87)

3.5.2 Dark Matter Halo Mass Function

Given the simple spherical collapse model, we would like to associate the collapsed region with some virialized objects
like massive galaxy clusters or dark matter halos. Of our main interest is then the number density of such objects in a
mass range M ~ M + dM, and this is called the mass function.

A simple model called, the excursion set approach, was developed: One starts with a smoothing scale R and its
associated mass M. The density fluctuation dr after smoothing with R is very small (6 = 0, if R = o0), and this
region has never reached the critical density threshold J.. in its entire history. This implies that there is no virialized object
associated with such mass. One then decreases the smoothing scale (or mass), and looks for the collapsed probability:
Some overdense regions have at some point in the past reached the critical density, while some underdense regions have
not. Therefore, the total fraction F. of collapse can be obtained by using the survival probability Ps of a given scale, and
it is related to the mass function as

é _
c dn M dn Pm oF, Pm dlnv
F.=1- P, = M — — Y Al V3 ; .
do /M d dM pm’ aM M < 8M> M 2 dM (3.88)

—00
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where it is assumed that the mass function only depends on mass and we defined the multiplicity function f through the

relation 5 o g
y = Jel?) / W1, (3.89)
0 12

The task of obtaining the mass function boils down to computing the survival probability and expressing it in terms
of the multiplicity function. The way to find the survival probability at a given mass scale M is to derive the evolution of
the density fluctuation as we decrease the smoothing scale R. The reason is that the region may have already collapsed at
a larger mass scale or smoothing scale, and this contribution should be removed in computing the survival probability at
a lower mass scale. The survival probability at n-th step depends on the entire history of the trajectory (non-Markovian
process) as

bec dc
Ps((sru Un)d(sn = d(sn/ dén—l te / d(Sl PS(517 T 5717 01, 7Un) s (3.90)

—0o0
it is notoriously difficult to solve, even numerically. However, once we assume that the fluctuations are independent at

each smoothing and are Gaussian distributed (true only in Fourier space at linear order), the trajectory only depends on
the previous step (Markovian process) and the survival probability becomes

Oc
Ps(énao'n) = / dén—lpt(ényan‘én—lyan—l) Ps((sn—laon—l) s (3.91)

—00

where the transition probability F; is nothing but a conditional probability. With the boundary condition P; = 0 at § = J,,
the solution is (derived by Chandrasekhar for other purposes)

1 52 1 (26. —9)?
P=— —_— ) - — —= . 92
s 5 exp ( 202) 5 exp { 952 } (3.92)

The survival probability for its simplest case is described by a Gaussian distribution, but the second term reflects that there
exist equally likely trajectories around the threshold that have reached the threshold in the past. The collapsed fraction is

1 Ve 1 Ve - Ve
FC - 1 - ierf (\/§> - ierf (\/§> - erfC (\/i) 5 (393)

fv) = \/E ve V2 (3.94)

Of course, this model relies on many approximations, and it is not accurate. However, it provides physical intuitions,
connecting the complicated formation of galaxy clusters and the dynamical evolution of the matter density fluctuations.
In general, numerical N-body simulations are run, and dark matter halos are identified by using some algorithm such as
the friends-of-friends method or its variants to derive the mass function from the simulations.

and the multiplicity function is
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4 Relativistic Perturbation Theory

4.1 Metric Decomposition and Gauge Transformation

4.1.1 FRW Metric and its Perturbations

We describe the background for a spatially homogeneous and isotropic universe with the FRW metric
ds® = Gudxtdr” = —a?(n) dn* + a*(n) Jop dax®da? 4.1

where a(n) is the scale factor and g,p is the metric tensor for a three-space with a constant spatial curvature K =
—HZ (1 — Qtot). We use the Greek indices «, 3, - - - for 3D spatial components and i, v, - - - for 4D spacetime compo-
nents, respectively. To describe the real (inhomogeneous) universe, we parametrize the perturbations to the homogeneous
background metric as

goo := —a? (1+2A), Joa = —aQBa, GaB = a® (Gap +2Cap) , 4.2)

where 3-tensor A, B, and C, are perturbation variables and they are based on the 3-metric g, 3. Due to the symmetry of
the metric tensor, we have ten components, capturing the deviation from the background. The inverse metric tensor can
be obtained by using g**g,, = 0}, and expanding to the linear order as

1 1 1
9" = 2 (—1+24), 9" = —ﬁBa ; g’ = 2 <§aﬁ - 20&’8) : 4.3)

For later convenience, we also introduce a time-like four-vector, describing the motion of an observer (—1 = u,u*):

a a
Uy = @ (Ua - Ba) = QA Vo = (L(_U,a + U&U)) ; v:=U+ /8 5 U(U) = U(Szv) - B(U) ) (45)

« «

where U is again based on g,3.

4.1.2 Scalar-Vector-Tensor Decomposition
Given the splitting of the spatial hypersurface and the symmetry associated with it, we decompose the perturbation vari-
ables (to all orders) as

Ai=a,  Bai=Ba+BY,  Cagi=¢hap +7as+Cloly +Cop,  USi==U+UM, (46)

subject to the transverse and traceless conditions:

—0. o™ —g.  cWa—g WP

a

5=0, v, =0, @7
where the vertical bar represents the covariant derivative with respect to the 3-metric go3:
X%5=X"3+03 X7, Xop = Xap — FgBX,y ) 4.8)

This simply implies that the scalar perturbations describe the longitudinal modes and the vector (v) and the tensor (t)
perturbations describe the transverse modes. Furthermore, the tensor perturbation is traceless. The decomposed scalar
perturbations can be obtained as

1

8 = A~'VveB,, 5

1 \L
<A + 2R> (3a71v°VIC,, - C5) 4.9)

’)/ =
_ lea A (ad B <3A*1V°‘V50 - ca)
4}0 - 3 « 6 2 C!B « )
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where V, is the covariant derivative based on g,g (i.e., vertical bar) and A = V®V,, is the Laplacian operator. The
presence of the Ricci scalar (R = 6K) for the three-space indicates that covariant derivatives are non-commutative.

Ra,@'y& =2K ga[’ygé]ﬁ : (4.10)

The decomposed vector and tensor components are computed in a similar manner as

1.\"!
BY) = B,—V,A"'VAB,, Cé”):2<A+3R> [VCap = VaA VIO | 4
c) — ¢ L A)(a+lir - 3ATIVIVOC s — O
o = aﬁ_g ClGap — B *ga/a +§ [ s — 7}

-1

2V <A + R) [V706)7 - VB)A_IVVV(SCVJ} J
Wa _ e _ ~(1)5 (t)

and they satisfy the transverse condition B ‘5 =0, =0y = 0 and the traceless condition C’" = 0.

4.1.3 Comparison in Notation Convention

Bardeen convention:

1
A= a, BO 5 k3, HL—>¢+§A7, Hr — —A~y, (4.12)
BYQW 5 B, , HY Qo — —kCy HYP Qop — Cap . (4.13)

Weinberg convention:

S — ay, U — —py, ou — —avy R = ¢y, ¢ — s, (4.14)
1 II 1 t
op — 0p — @AH ) 7 =00 — 2 7rZ-V — %Ha ) 7[‘3; — H(a% . 4.15)
Dodelson convention:
Y=oy, O — Oy s ikv — ]CQUX , v — —ikvy . (4.16)
Ma & Bertschinger:
Y=y, O — =y, h — 6p, + 2A7 n— —Qy, 9—)1{:21))(. 4.17)
CLASS Boltzmann code:
Y — ay ¢ — —py 0 — kv, (4.18)

where 6; and ¢; depend on the choice of gauge condition.

4.1.4 Gauge Transformation

The general covariance of general relativity guarantees that any coordinate system can be used to describe the physics
and it has to be independent of coordinate systems. This is known as the diffeomorphism symmetry in general relativity.
However, when we split the metric into the background and the perturbations around it by choosing a coordinate system,
we explicitly change the correspondence of the physical Universe to the background homogeneous and isotropic Universe.
Hence, the metric perturbations transform non-trivially (or gauge transform), and the diffeomorphism invariance implies
that the physics should be gauge-invariant.

The gauge group of general relativity is the group of diffeomorphisms. A diffeomorphism corresponds to a differen-
tiable coordinate transformation. The coordinate transformation on the manifold M can be considered as one generated
by a smooth vector field (*. Given the vector field (*, consider the solution of the differential equation

dx*(N)| d
ax |p ’ d\

= ("0, (4.19)
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defines the parametrized integral curve z#(\) = x/»(\) with the tangent vector (*(z p) at P. Therefore, given the vector
field ¢* on M we can define an associated coordinate transformation on M as x‘jg — JE‘IQ = X‘IQ(A = 1) for any given P.
Assuming that (* is small one can use the perturbative expansion for the solution of equation to obtain

1 d?

1 v 3 YOy
R e ) e O =

(4.20)

i d
Tp = Xp(A =1) = xp(A = 0) + —=xp L

This parametrization corresponds to the gauge-transformation with (*.
In general, any gauge-transformation of tensor T for an infinitesimal change ¢ can be expressed in terms of the Lie
derivative (valid to all orders of T)

5T :=T-T=—£T+0O(¢?, LeAP = AP V(P AY £¢T = T pCP+ T (P [+ TppC” o (421)
where they are all evaluated at the same coordinate and the derivatives in the Lie derivatives can be replaced with covariant
derivatives (Lie derivatives are tensorial). To all orders in (, we have

T(z) = T(z) — £:T + %,EET +-=exp[—£]T. (4.22)
Therefore, the gauge-transformation in perturbation theory is simply
5T =0, 5 TW = —£,T, 5T = — LT (4.23)

where we used that ( is also a perturbation.
In fact, there are two ways of looking at the transformation in perturbation theory. For example, the metric tensor has
to transform as a tensor. But once we split it into the background and the perturbations, there exist two ways

guuzgﬂy%-hw, 5gg:—£<g : (1) 5<§:—£<§_], 5Ch:_£Ch7 (2) 5C§:0’ 5<h:—£<h—£cg,

(4.24)
where we suppressed the tensor indices. In (1), the background and the perturbation transform altogether like tensors (at
the same coordinates), such that the sum transforms like a tensor. In perturbation theory, we do not use this, because
the infinitesimal transformation ( is always considered as a perturbation. However, for example we can consider some
general spatial rotation ¢, such that the background metric also changes.'

4.1.5 Linear-Order Gauge Transformation

At the linear order, the Lie derivative is trivial, and the the most general coordinate transformation in Eq. (4.20) becomes
=gt 4 ¢ "= (T, L%, LY=L 4 LW (4.25)

where we now use £# = (*. The transformation of the metric tensor at the leading order in £ is then

559;14/(37) = gw@) - gw(x) = —£§gw, == (fp,;u + fvm) ) §u = g,quV = az(_T7 L), (4.26)

where the semi-colon represents the covariant derivative with respect to the full metric g,,,,. The transformation equations
are explicitly

Segoo = —2a° 6cA = 2a? [i (aT)’] , egoa = —a® 0¢Bo = a® (T.a — L1,) 4.27)

Segap = 2a° 6¢Cop = —2a° [HTGap + Liaip)] - (4.28)
Using the scalar-vector-tensor decomposition, we derive that the scalar quantities gauge-transform as

d:a—é(aT)’, B=p-T+1L, ¢ =p—HT, y=~—-1L, (4.29)

U=U-1/, t=v-T, v=x—al, f%:fi+3HaT+%T, (4.30)

'In FRW, we use the spatial metric §ns unspecified, implying we can do a further spatial transformation to e.g., spherical coordinate and so on
and change the background metric (while it remains covariant). The time component is fixed, otherwise it ruins the FRW symmetry (go. component
in the background or different coefficient in time component for example.
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the vector metric perturbations gauge-transform as

BW =BW L 1! cW =cW _r,, oW =u® 4+ Lo (4.31)

« «

and the tensor perturbations are gauge-invariant at the linear order, where we defined the scalar shear x := a (8 + ') of
the normal observer (n, = 0) and the extrinsic 3-curvature K := —3H + & and its perturbation x := 3Ha — 3¢ — C% X-

Based on the above gauge transformation properties, we can construct linear-order gauge-invariant quantities. The
gauge-invariant variables are

1 P

0y = —aHv , oy =9 —Hyx, UX:ZU_EX7 51}::5—a;v, 4.32)
Qy = — lX/ ) ps =@+ 7&0 ) ‘I’gv) = B((xv) + CC(VU)/ ) Ugv) = Uo(év) - Bf(’év) )
a 3(p+p)

These gauge-invariant variables (ay, y, Vy, Ya, v&v)) correspond to P 4, Py, vgo), W, and v, in Bardeen (1980).

4.1.6 Popular Choices of Gauge Condition
By a suitable choice of coordinates, we can set I’ = L = 0, simplifying the metric. For simplicity, we only consider the

scalar perturbations in the following two cases.

o The conformal Newtonian Gauge.— in which we choose the spatial and the temporal gauge conditions:
F=~r=0 — L=0, B=B8=0 — T=0, x=0. (4.33)
All the gauge modes are fixed, and the metric in this gauge condition is
ds® = —a® (1 + 2¢) dn? + a® (1 + 2¢) ga/gdx“dxﬁ , Yi=a=a, ==y, (4.34)

and the velocity vector is then
U=wv,, v=-VU. (4.35)

The metric and its equations appear more like the Newtonian equations, and hence the name. We will use this gauge
condition to illustrate and simplify the problems.

o Synchronous-Comoving Gauge.— in which we choose the spatial and the temporal gauge conditions:
da=a=0 — (aT) =0, B=B=0 — T=1L", (4.36)

such that the metric becomes
ds* = —a?dn® + a® (Gap +2Cqap) dz®dx® . 4.37)

All the metric perturbations in this gauge condition are included in the spatial metric tensor. However, as apparent from
the above gauge condition, the gauge freedoms are not completely fixed:

T=1L = 2F(X) : L= /dn FELX) +G(x), (4.38)

where F' and G are two arbitrary functions of spatial coordinates. Typically, this issue is resolved by assuming additional
condition at the initial epoch
v=0 — Fkx)=0, T=0. (4.39)

This condition is indeed the temporal comoving gauge condition, and hence the whole choice is often referred to as the

comoving-synchronous gauge (or synchronous-comoving). The comoving gauge is often chosen with a different spatial

gauge condition (y = 0). Note, however, that the spatial function G(x) is still left unspecified, and hence -y is a gauge

mode, whereas U for example is physical. Due to this deficiency, we will not use this gauge condition in the following.
The notation convention in Ma and Bertschinger (1995):

A PN 1
hz‘j =k; jh + (kikj — 2(51']‘) 6n — QCZ']‘ , h — 60+ 2A7y N — —Qy - (4.40)
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4.2 Energy-Momentum Tensor

4.2.1 Formal Definition

We will consider a simple action of the matter sector, in addition to the gravity described by the Einstein-Hilbert action:

_ = | B A
S=:5+85 —./\/ gdx[lﬁﬂG 87rG+£m ) (4.41)

where the matter Lagrangian includes the cosmological fluids and other matter fields such as scalars and so on. The
variation with respect to the metric,

55 MY 1 5Sm
0= Sghv TH [RW — 39w+ Agw] T o g (4.42)
yields the Einstein equation
1 1 2 65,
Ry — 59wBR+Ag = ——5——— =81G T}, (4.43)
(ot 2 I a2 Mgl \/jg5guy I
where the energy-momentum tensor defined by the action
2 65, ) 4
le = —ﬁw - guuﬁm —2 (59‘“’ /d x Em 9 (4.44)

and it is indeed the conserved current (tensor) of the action under the space-time translation invariance. The Noether
theorem says that when there exists a (global) symmetry, there exists a conserved current. The space-time translation
invariance is the symmetry of general relativity, and the Noether current associated with this symmetry is the energy-
momentum tensor:

Ty =0. (4.45)

Note that we can repeat the calculations with upper indicies and obtain

o 2 6Sh,
' Vo) 6guu

but mind the subtlety, for example, for the scalar field action,

— L2 ; / ' Lo | (4.46)
uv

1 1 1
Ls=—59"0u00,6 . 0Ly = — 500" 0ud Dy = 509,09 0" . (4.47)

4.2.2 General Decomposition for Cosmological Fluids

For our purposes, we are not interested in the microscopic states of the systems, but interested in their macroscopic
states, often described by the density, the pressure, the temperature, and so on. The energy-momentum tensor for a fluid
can be expressed in terms of the fluid quantities measured by an observer with four velocity u* as (the most general
decomposition)

Tyw = puyuy + pHuw + quuy + quuy + T 0=Huu", (4.48)

where H,,,, is the projection tensor and
Huw = Guv+uyu, , HE =3, uq, =0 =ulmy, , T = Tup s ﬂﬁ =0. (449

In general, we decompose the fluid quantities into the background and the perturbations:

pi=p+dp, p:=p+dp, op = c2dp+e, 65::%, (4.50)
5p 8

o = aQu , Tag = a*Tlag , e:=pl, r=22_°2% (4.51)
b P
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where (), and II,g are based on g,g. At the background level, all the above fluid quantities vanish, except p = p
and p = p. The sound speed c? is the response of the pressure perturbation in terms of the density perturbation, and
the remaining response is captured in terms of the non-adiabatic perturbation e. For multiple fluids, we can add up the
individual energy-momentum tensor to derive the total energy-momentum tensor. In the case of multiple fluids, their fluid
velocities are not necessarily identical, and there exist non-vanishing energy flux. Non-vanishing e and I' parametrize the
entropic perturbations of the fluids.

Though these relations are exact, we will be concerned with linear-order perturbations. Raising the index of the energy
momentum tensor, we derive

1) = —p+0(2), TO = (p+p) (Us — Ba) + Qo + O(2) , (4.52)
T§ =pdz + 15+ 0(2), 15 = —(p+pU* - Q"+ 0(2), (4.53)

where all quantities are those appearing in 7},,,. Given the conditions 0 = u*q,, = um,,, the (spatial) energy flux and
the anisotropic pressure should satisfy

g0 =0+0(2), mou =0+ 0(2) . (4.54)

e Gauge transformation properties of the fluid quantities.—

~ 7’ ~ ~
(5:5—%T, Sp=0p—p T, On = Qu | Fow = Ty E—e. (455

Note that the spatial energy flux is gauge-invariant, but dependent upon the observer choice.

4.2.3 Tetrad Approach and Observables

The variables p, p, q, and 7, are the energy density, the isotropic pressure (including the entropic one), the (spatial)
energy flux and the anisotropic pressure, measured by u/. If we consider an observer with u/, (# /) and the energy
tensor 7, with u* above, the observer measures

Pobs = Tm/ugbsugbs ) Pobs = éTuuHHV ) qzbs = _TpaungHZ , TFZBS = TpUrHZ/Hg_pobsfHuu )

(4.56)
where 7:[W is the projection tensor in terms of ugbs. Of course, in case ugbs = ut, the relation yields the same quantities
in T,,,: pons = p and so on. Remember that these fluid quantities are observer-dependent, hence it would be ideal to
provide the energy momentum tensor for each fluid in terms of the fluid quantities that would be measured by a fictitious
observer moving together with the fluid u’; = ugbs (hence without spatial flux g, = 0). This brings us to the tetrad
description.

Given the observer with u*, one can define a local Lorentz frame (where the metric is Minkowski) by constructing
three spacelike orthonormal vectors [e;]#. For example, one can construct three rectangular basis vectors [e]*, [ey]H,
[e.]* and of course [e]]* = ut = —[e!]#, where the component index a of [e,]* represents their coordinates. The
orthonormality condition and the spacelike normalization is

Nab = guu[ea]u[eb]y — 5ij - g;tu[ei]u[ej]y 5 0= guu[ei]u[et]y ; —-1= guu[et]u[et]y y (457)

where a, b, - -- = t, x, y, z represent the local Lorentz indices.
First, assuming that the four velocity of the observer is indeed the fluid velocity, we can go to the rest-frame of the
fluid by using the tetrad expressions as

3 3 3
v 1 v 7
P = Tw[et]“[et] ) p= gTuV el [ei]” Huw = Z[ei]u[ei]u ) qu = Z qile ]M :
=1 i=1 i=1

' (4.58)

(2
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Noting that the metric is Minkowski in the rest frame, the energy-momentum tensor in the rest-frame of the fluid can be
written as
P —qx —qy —Qqz
_ —qz p Ty Txz )
Top = w=u (4.59)
“ —qy  Tyx p Ty z ’ Fo
—qz Tz Ty p
where in fact ¢; = 0 because it is in the fluid rest frame. The energy density p and the pressure p in T}, are in fact those
measured by the observer rest frame, moving together with the fluid. The orthogonality condition for the energy-flux and
the anisotropic stress implies
0=1u"qu=q, 0= u"mu = T O=mh=m}+m =my . (4.60)
However, we should pay attention to the difference in the quantities g, and 7, expressed in the rest-frame and in the
FRW coordinate:
1
¢ = qule]t = QWsr +0(2), Tij = T le] 6] = foﬁ)éféf +0(2), (4.61)
where they differ with the scale factor a at the linear order. When the fluid velocity is the same as the observer velocity,
the spatial flux ¢; = 0, or ¢, = 0.
As noted, the fluid quantities are observer-dependent. Given the energy momentum tensor in terms of the fluid rest-
frame quantities (g, = 0), if the observer is moving with e}’ relative to the fluid velocity u‘; the observer measures
different fluid quantities from those defined in the rest frame:

Tf, = prujul + pyHf, + 7, Huw = G + ufu] gl =0. (4.62)
The energy-momentum tensor can be projected into the observer rest-frame [e;]* as
Tub := T}, [eal*[es]” = pruatis + ps(Nap + tatis) + Tab , g = uffeq]" | (4.63)

where we put tilde to emphasize that the components of T, are the fluid quantities measured by the observer [e;]* in the
rest frame. The fluid velocity and the anisotropic pressure satisfy

-1 = u?uﬁ = ulu, = fuf + u? , 0=nl = o = Ty = T - (4.64)
Furthermore, the anisotropic pressure is perpendicular to the fluid velocity:
0= u’;wfzy = umgp = UM + Ul i = Wij g = 0(2). (4.65)
Therefore, the energy density and the pressure measured by the observer are
po= Tlled e’ =Tu= (p+p)su; —ps+7u, (4.66)
- | Y 1 1 1 9
p = gTwH = gTu = g(ﬂ + p) puiu; + py + §7Tz‘i =ps+ 3 [(P +p)p(u; —1) + th] , (4.67)
and the anisotropic pressure is
. - 1 -
Tij = (P+p)fUlU]+7Tij—§5ij [(P+p)f(ut2—1)+77tt] ) 0="Ty =Ty . (4.68)

Since the velocities of the fluid and the observer are different, the observer measures the non-vanishing spatial energy flux
If the observer velocity is the fluid velocity, we obtain the consistency relation:

Ua = Nra p=rps, p=nps, G=0, fij =, . (4.70)
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From T}’ in Eq. (4.52), it is clear that at the linear order in perturbations the energy density p, pressure p, and
anisotropic pressure 11,4 are the same as those measured by an observer, independent of the fluid or the observer velocity.
However, the velocity of the fluid and the spatial flux measured by the observer are

ut = elut = (1,U" = Uj,s) + 0(2), G =(p+p)U' —Uly)+0(2), 4.71)

where the presence of the relative velocity between the fluid and the observer is apparent. In addition to the fluid quantities
p, D, T, (same for any observer), the energy-momentum tensor 7),,, can be written in terms of the fluid velocity without
spatial flux ¢, = 0, and the off-diagonal part of the energy-momentum tensor is

T8 = (p+p) (UL = Ba) +0. 4.72)

One can also express T}, in terms of the observer velocity ugbs with non-vanishing spatial flux g; in Eq. (4.71), which
defines
G = leils ™ = Q07 + 0(2) | (4.73)

and the off-diagonal part of the energy-momentum tensor is again identical:
T = (p+) (U™ = Ba) + Q3" = (5+5) (UL - Ba) - (4.74)

In summary, the fluid quantities measured by the observer are

0=my =my, p=0, p=r, Tij = Tij Gi = (p+D) (U = Uy) - (475
In other words, whoever the observer is, the fluid quantities the observer measures are identical to those at the fluid rest
frame, except the spatial energy flux.

4.2.4 Distribution Function

In cosmology, photons and neutrinos are the most important radiation components, and they are not described by the fluid
approximation. Their statistical properties are captured by the distribution function F':

F:=f+f, (4.76)

where the background distribution f often follows the equilibrium distribution and the perturbation f describes the devia-
tion from the equilibrium. The equilibrium distribution for massless particles is fully described by the physical momentum
and the temperature, and it is independent of position and time.? In the rest-frame of an observer, the physical energy F
and the momentum P can be measured, and the energy-momentum tensor can be re-constructed as

3
T% = ¢ / %P“PbF, (4.77)

where the four momentum satisfies the on-shell condition —m? = P,P® and E = P! and g is the spin-degeneracy of the
particle, equal to two for photons and one for left-handed neutrinos.
The fluid elements can be readily computed as

PipI

p= g/d3P EF, ¢ = Qu08 = g/d3P P'F pé 7l = g/d3p F. (4.78)

For later convenience, we introduce an angular decomposition

4 [21
f(Pn) = %:(—i)l,/Qlszm(Pmm(ﬁ), fim(P) =4 24;1/61% () f(P,7) (4.79)

?In the background, the physical momentum and the temperature redshift in the same way.

41



AST513 Theoretical Cosmology JATYUL YOO

where P! = Pn' and 7 is the unit directional vector. The normalization convention may differ in literature. The pertur-
bations in the fluid quantities are then related to the distribution function as

00 B 4 P4
5p = 47Tg/ dP P2E fo , §p = Tr 6T = gg/ dP — foo . (4.80)
0 0

where we performed the angular integration. Higher moments of the fluid elements will be related to the higher-moments
of the distribution function. At the linear order, the spatial energy flux from the distribution function is related to the
relative velocity as

= (p+D) (U} — Uls) = Q67 . (4.81)

4.2.5 Multiple Cosmological Fluids

The details are summarized in Hwang and Noh (2002). In a universe with multiple fluids ¢ = 1,--- | N, each fluid com-
ponent has different velocity u . Given the fluid components in a coordinate system, the energy-momentum tensor 7},,,
is completely set (i.e., all the components of T),,):

Ty = Z pog (4.82)
which defines (ignoring the super-script “total’)
0 =—p+0(2), T§ =po§ +115+0(2), (4.83)
or defines
Prot = (P + 3p)tot = Zp( =10+ 0(2), Prot = Y _ PG I8 = ZHQB , (484
i

such that the energy density, pressure, anisotropic pressure are just the sum of individual fluids, regardless of fluid and ob-
server velocities at the linear order. However, the ve1001ty ube, (and 4 tot) that would appear in the total energy momentum
tensor is yet to be determined. In fact, we can define uf,, as one without spatial flux,’ i.e.,

T9 = (p+ D) (Ua = Ba)oy + O(2) := > (0 +P))(UY) = Ba) + O(2) . (4.85)
i
For the case of multiple fluids, it is possible to have interactions between fluids, even in the background, such that the

energy conservation law is

% ¢ _ % tot __
T8 = I 0_21,9, T, =0. (4.86)

In the background the conservation equation becomes

. o . p(i 5
Py +3H (P +D) i) = La) PE; ==3H(p+ D)1 —awu) (4.87)

where we defined (ignoring the vector type)
I = —a [T (1 + @) +61)] 19 = g9 Iy = 3H(p+ D) iyds) - (4.88)

At the background level, the equation of state and the sound speed of the individual components are

PG s PG dw) 1
wey = — Coppy = == = w( + — — = , (4.89)
(@) P (@) D) (@) dlnp(i) Z 1+ w
Wiy = —3H () — wiiy ) (1 +wi) (1 — qa) (4.90)

3This is possible nonlinearly, as we trade three dof in spatial flux with three dof in velocity.
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where we defined

P(i) T Pi)
= PO TPa zo =1, 4.91)

Ok ,

At the perturbation level, we derive

op = Zap Z 1000) +Z i) = C0p+te, (4.92)
€ = Z(S(Z)—c)ép +Z =€t et (4.93)

7

where we defined the intrinsic and the relative entropy perturbations

erel . Z(cg(z)_c§> 5p(1) (4.94)
B 12(ﬁ+ﬁ>(i)(ﬁ+ﬁ)u>(2 2 )S”+ZM 28 (4.95)
= 3 p+D W T WT 2T 10500 '

ongy 0 dp(; 0
G NG PO TPG PG T PG)
o Gauge-transformation properties.—
51(1‘) = 5I(i) — I_Ei)T , J(i) = J(Z') + af(l-)T , Sij = Sij — 3HT(Q(i) — q(j)) , 4.97)

where S;; is gauge-invariant only when there is no energy transfer in the background ¢(;) = 0.

4.3 Einstein Equations

4.3.1 Christoffel Symbols

In the absence of the torsion, the Christoffel symbols are uniquely determined by the metric tensor as

L Oat 9%

= — = _ 2 _ W gV
YP9E7 dxvoxr 2 dr Nud&Hd€” , (4.98)

9" (Guop + Gpow — Gupo) 0=—%

where £ is a freely falling coordinate and dr is the proper time. To the linear order in perturbations, we derive

ry, = CC‘: + A = H+Y, ro, =Aq— Z/Ba - Yo, (4.99)
rg, = Al*—BY_— CCLL/BQ o (4.100)
rgﬁ = C;/gag — QigaﬁA + Biaig) + Cop +2 /Caﬁ — MHgap (1 —2¢) + (¢ + 2He) Gap,  (4.101)
o = ‘i/éﬁ += (B ® - B) +CF > HIG+ 05, (4.102)
Br = i+ GI%B“ +2Cf = Cay* = T8, 426,005 — 9y (4.103)

where the conformal Hubble parameter is H = a/a and fgw is the Christoffel symbols based on 3-metric g, .
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4.3.2 Riemann Tensor

The Riemann tensor can then be constructed in terms of the Christoffel symbols as

RE . =T% ry .+t -1, re. =y  —10 . -1, 0+ Y (4.104)

vpo vo,p T vp,o Vo pe vp- o€ T T voip vp;o Vo pe vp- o€

and the Riemann tensor has all the information of the geometry, such that how any four vector changes locally is fully
determined by the Riemann tensor

1

Py = 9

2u R R’ g’ . (4.105)

_ o
wslvp) = Yot pvp

Out of the Riemann tensor, we can construct the Ricci tensor (and Ricci scalar) by contracting the Riemann tensor as

R, = RZW , R = RZ , (4.106)
and construct the (conformal) Weyl tensor as
1 R
C,LLl/pO' = R,ul/pc - 5 (gupRVU + gl/aRup - ngRMU - guaRup) + E (gupgua - guagup) . (4107)
The Riemann tensor has the symmetry:
Ruupa = R[,uzx}[pcr} = Rpauu ) R;u/pa + Rupau + R,um/p = R,u[upg} =0, (4.108)

such that its 20 independent components can be separated into the Ricci tensor (10 components) and the (traceless) Weyl
curvature tensor (also 10 components with all the symmetry of the Riemann tensor)

CMVMV =0, C,ul/po = C[;u/] [po] — CpO',LLI/ > C,uzzpo + C,upm/ + C,um/p = Cp[r/pa] =0. (4.109)

The Ricci tensor is algebraically set by matter distribution through the Einstein equation, but the Weyl tensor is determined
by differential equations with suitable boundary conditions.
To the background, we derive

RYos = H'Gog RGos = H'05 Rs =2 (K +H?) 8¢, 9515 = R5 + 2H 60 o) » (4.110)
. 6
Roo = —3H’, Rop = (2K + H' + 2M?) Gap = Rap + (H' + 2H?) Gap R=— (K+H +1),

where we defined the Riemann tensor for a 3-hypersurface based on 3-metric gnz
R§ ;= 2K, 515 » Rog = 2KGags , R =6K . 4.111)
and we used for any second-rank tensor g
Fapine] = K (JatsFys + 1o Fa) - (4.112)

To the linear order in perturbations, we derive the Riemann tensor:

RMVOO = 0, ROOOa = _H/Ba ) ROOaﬁ =0, (4.113)
Rys = MHGap— [HA +2H'A] op — Aajp + Blajs) + HBajp) + Cag + HChs + 21 Cap (4.114)
1
0 _
R afy = ZHQQWAW] — Ba‘[g,y] + §(B'y|aﬁ — B,Bla'y) — 20(/1[&'7] , (4.115)
«a 1 & « ! 1 e} o « «
R = Ho§—HAS - A%+ (B +B%) + 51 (B4 + B ) + C5" + HCY (4.116)

o _ « o «@ 2 ca oY
Rogy = 2HOA ) = By + By — 2H70( By — 207, (4.117)

AT
R%qy, = M (gp, A% —05Ag) + M g, B — H* (gs, B* — 65 Bg) — % (BB'“ — B ﬂ> Lt s — C’H”(,ﬁl.llS)
R%.5 = R§.s+H(65g8s — 059py) (1 — 24) (4.119)

%H 355 (B1 + B2, ) = 3, (B! + B ) + 265 Biais) — 205 By |

+H [G5sC5 — Gor O + 65 Cls — 85 Choy + 2H (65C5 — 55 )|

+2C3157, ~ 2005 + s = Cps s
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and by contracting the Riemann tensor we derive the Ricci tensor and the Ricci scalar:

Rop = —3H +3HA +AA— B —HB, — C8" —HCY (4.120)
1 1
Roo = 2HAo—HBa—2H*Bo+ ;AB, — §B6|a6 — L+ cy’ 4.121)

Rog = 2KGap+ (H +2H?) Gap(l — 24) — HA'Gop — Ao g+ Bgaw) + 21 B(q ) + ;LQJOWB‘Y|7 (4.122)

a’ 5 B
+Cap +2—Cog+ 2 (H' +2H?) Cap + HiapCJ' + 20015, — €l — ACas
1
R = —[6(H +H+K)—6HA —12(H +H*) A— 204 (4.123)

+2B% 4+ 6HB,

|

+208" + 6HCY — AKC2 — 2008 +20°7, B] .

|

e HW: derive the Riemann tensor and the Ricci tensor in the conformal Newtonian gauge

4.3.3 Einstein Equation and Background Equation

The Einstein equation is that the Einstein tensor G ,,, is proportional to the energy-momentum tensor 7,,,:
1
G = Ry — §9WR +A g =87G T, , (4.124)

where GG is the Newton’s constant and A is the cosmological constant. The cosmological constant can be put in the
right-hand side as a part of the energy-momentum tensor:

A
= —pp = ——. 4.125
PA="PA= o ( )
The trace of the Einstein equation gives
T=—-p+3p, R =87G(p—3p) +4A , (4.126)

and the Ricci tensor is completely set by the trace of the energy-momentum tensor. To the background, the Einstein
equation yields the Friedmann equation give

8¢ K A . a e A
H2: N — — -, H2 Hzfz—i 0 3_ — 4127
AR + " 5 (PH3D)+ 5, (4.127)
and the energy-momentum conservation yields

p+3H (p+p)=0. (4.128)

In terms of the conformal time, the Friedmann equation becomes

. ArG " 4nG
W = a(H* + H) :—”TaQ(ﬁJrsp), WH =L = WTaQ(ﬁ—Sp)—K. (4.129)
a

n

In a flat Universe (K = 0) dominated by an energy component p < a~ ", we can derive the analytic solutions to the

Friedmann equation:

2 n t 2 2 1
aocnfi?oth/", toxpn—2 H=H,2)=—, H="H, To) = -,
t nt n n—2mn
(4.130)
or in terms of equation of state p o< a—3(1+),
2 3(14w) 2 2 1
e  ¢2/30+w) tocn 1¥8w H=_—"_ H = - 4.131

where we used n = 3(1 + w).
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e Einstein-de Sitter Universe.— This simple model is indeed a good approximation to the late Universe, before dark
energy starts to dominate the energy budget. The evolution equations are

£\ 2/3 7 2 ; 0 3
to 70 to 70

2 2 1 2 1
H=_— H== =——, =n-—-n=-—|1——=) ,4.133
37 7’ Pm = o0 =10 =" Ho( ﬁm) ( )

where the reference point ¢ satisfies a(tg) = 1, but it can be any time ¢y € (0, 00).

—~

4.3.4 Linear-Order Einstein Equation

The Einstein equation can be expanded up to the linear order in perturbations, and decomposed into the evolution equa-
tions describing the scalar, the vector, and the tensor perturbations. At the linear order, they do not mix.

e Scalar perturbations. —

A+ 3K

Gy : Hi+——5—p=—4xGop, (4.134)
a
A+ 3K
GO . k4 %X =127G(p + p)av , (4.135)
- A
G -Gy : k+2Hk+ <3H + a2> a = 4nG (5p + 36p) , (4.136)
« 1 « y
Gﬂ—géﬁ(ﬂ s x+Hx—¢—a=8rGII, (4.137)
where we defined
A 1 1 1
ri=3Ha=3p— 35X, X :=af+ay’, Hop = — (H,alﬁ - 3§aﬁAH> +5H(a|ﬁ)+ﬂg% - (4.138)
The energy-momentum conservation yields
1
15, @ 0p+3H (6p+dp) — (p+ D) </<; —3Ha+ aAv) =0, (4.139)
[a*(p+p)v] 1 1 ( 2A+3K )
T, @« —————————-a—— (p+ -———11) =0. 4.140
L TadGrp)  a aprp\7 3 a (3140
e Vector perturbations —
A+2K _, o (w
A o U 487G (5 + p)ol) =0, (4.141)
G§ VW 42T =8xG I, (4.142)
40 _ (V)7 A 2K H(”)
Tow - la (pr)ﬁa | +2 —2_ =0. (4.143)
’ a*(p+p) 20 p+p
e Tensor perturbations —
N . A —-2K
a . ta t)a Ha __ t)a

o Multiple fluids— In the presence of interactions in Eq. (4.88), the individual conservation becomes

1)V . - _ _ 1
Ta' 8y +3H (0p +0p) o) — hwye — (5 + D) </€ + aAv(i)> =0l (4.145)
. [a*(p+ )l 1 1 2A + 3K
Ty s e ——a— ———— (¢ Z-+1L-—JZ~>:0. (4.146)
“ af(p+p)a o alp+P)u < POy T T
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The first conservation equation can be expressed as

. A 1
(5(1-) + 3H(C§ — w)(i)é(,-) + 3H(1 + w(i))q(i)é(i) = (1 + w(i)) K — 3H(1 — q(i))a + Ev(i)) + ,5(1') (—3H6 + 5])(1') .
4.147)

4.4 Linear-Order Cosmological Solutions

4.4.1 Super-Horizon Solutions

On super-horizon scales k < H, many simplifications can be made to derive useful relations. The definition of x and the
first two Einstein equations are

k~3Ha—3¢p, Hk ~ —47Gp ¥ , Kk~ 127Gp(l + w)av , (4.148)

where we used ~ to emphasize the validity only on the super-horizon scales and we ignored the Laplacian term. Also
note that the anisotropic pressure Il is not necessarily zero on super-horizon scales. For example, photons in RDE are
tightly coupled with baryons (hence a fluid), but neutrinos free-stream, generating non-zero anisotropic pressure even on
super-horizon scales. Manipulating these equations, we first obtain that the comoving gauge density fluctuation vanishes

-/
0~ 47Gp|6 + 3Hp(1 + w)v| | 08, =6 %v:5+37{ﬁ(1+w)v, (4.149)

which can be understood in terms of k2g0X = 471G pa’s,. This also implies the equivalence

4]

_— ~0 Oy 2 Qs 4.150
3(1+w)’ +Ho >0, P s (4.150)

ps =Y+ ps — Yo =

3(1+w)

for the total comoving and total uniform-matter curvature fluctuations, independent of adiabatic conditions.

The other important conservation law deals with the comoving-gauge curvature (often denoted as R):
Yy =@ —Hov. (4.151)

As we derive in Section 5, the comoving-gauge curvature perturbation ¢, in a flat universe KX = 0 is conserved on large
scales throughout the evolution:
Oy =0, (4.152)

if the total matter content of the Universe is adiabatic, which is the case in the standard model. However, without assuming
the adiabatic condition, we can also manipulate

2 Ry 2(ay — ¢y /H)

~ 2 ~ 4.153
o™ ST+ w 31+w) (159
to arrive at
2 2(oy — oy /H) 5+ 3w + 26 167Gl (4.154)
= — Vv = - =~ :
Pv = Py X = Px 3(1+ w) 31+w) X 3HQ+w)  31+tw)’

where we used the second Einstein equation and the definition of .
In the standard model, the anisotropic pressure is II = 0 in MDE, and the quarupole moments from photons and
neutrinos in RDE give rise to

P
87GIT = = fyon = 0.175 a £, =P ~0.438. (4.155)

Prad

Ignoring this correction and assuming the conservation of ¢, with the adiabatic conditions, we derive

5+3
ay(£) = =y (1) Py ~ w) oy () . (4.156)

314w
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While ¢, is conserved on super-horizon scales throughout the whole evolution, the Newtonian gauge potential evolves,
as the Universe transitions from the radiation dominated to the matter dominated eras:

2 3
o= Pl =2 (4.157)

Without the adiabatic conditions, the comovoing-gauge curvature ¢,, evolves as well, but the relation in Eq. (4.154) is still
valid on super-horizon scales.

Finally, the energy-momentum conservation in Eq. (4.139) can be re-arranged as
. 3H A
3(1+w)s05+7(6p—p5)+(1+w)a—2(x—av):0, (4.158)

implies that in the super-horizon limit we have a conservation law for a medium with adiabatic condition e = dp — cg op =
0:
ps =0, (4.159)

where we assumed the equation of state is constant. The uniform-density gauge curvature is often denoted as { = ;.
Note that in the conservation equation we assumed no energy transfers between any fluids, and this conservation law holds
for individual adiabatic fluids.

4.4.2 Einstein Equation in the conformal Newtonian Gauge

In the conformal Newtonian gauge we have
k=3Hy — 36, x=0, U=uy, v=-VU. (4.160)

By substituting into the Einstein equation, we derive

A+ 3K
Hk + “;723¢ = —4nGép, ¢+ = —8nGII, (4.161)
k= 127G(p + p)av , fi+ 2Hk + <3H + aAZ) W =4nG(Sp+36p) .  (4.162)

To remove « in favor of the other variables, we use Eq. (4.162) to arrive at

¢+ Hp=—4nG(p+ p)av — 8rGHII , (4.163)
and Eq. (4.161) can be further manipulated as
—(A+3K)p = 4nGa’p § + aHr = 4nGa’p [6 + 3Hv(1 4+ w)] = 47Ga’p 6, , (4.164)

where 9, is the density fluctuation in the comoving gauge:

Sy =0 — %a’u:d—i-?ﬂ-lv. (4.165)

Finally, the equation for the velocity can be obtained from Eq. (4.162) as

5py 9A+3K I
Pv_gromy 2ot 2 (4.166)

v+ HY=—¢+ )
¢ p+p 3 a* p+p

where the pressure fluctuation in the comoving gauge is
dpy :=0p —pav. (4.167)

Assuming a flat Universe (X = 0) and a pressureless medium (p = dp = 0), we can further simplify the equation as

b+ =0, K= 3 (ay)) = 127Gpav , Ap = —41Ga®p b, , v+ Ho=1. (4.168)
a
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4.4.3 Newtonian Correspondence

As apparent, the relativistic equations appear quite similar or identical to those in the Newtonian dynamics. Here we
identify such correspondence made available in a particular choice of gauge. However, keep in mind that the relativistic
dynamics is intrinsically different from the Newtonian, and such correspondence is only identified in a limited case (e.g.,
linear order for pressureless media).

With 5 = 0 in the conformal Newtonian gauge, we find the velocity potential in the standard Newtonian perturbation
theory

1 1
U=v, v=—-Vv, 0= —EV-V:aAv, (4.169)

and by taking the divergence of v in Eq. (4.168), we obtain the governing equation
1 . 1
Ay = = A(av) = (a6) s 0+ 2H0 = — Ay =47Gp b, . (4.170)
a a

The last remaining equation in the SPT can be obtained by taking the time derivative of ¢, in Eq. (4.168):

< Aad)
by = ~inGa 0. 4.171)

where we assumed in this case p o 1/a3. With a proper identification of gauge-invariant variables to the standard
Newtonian perturbation theory

vy = U, ay = —py — 0P, 6y — Om s (4.172)

we find the governing equation in SPT is fully relativistic at the linear order.
Manipulating the Newtonian gauge equations, we find that the density fluctuation then follows the same evolution
equation as in the standard Newtonian perturbation theory

by + 2H6, — ATG Py =0 . (4.173)

With a mathematical identity

1 b (6N ) H .
—— |a*H" | = = 2H) —0 | = +2H 4.174
e (8] =vomi s (1) s
and by using the Friedmann equation with p = wp (valid for any K)
H . _
(H + 2H> =4rGp(1 + w)(1 + 3w) , (4.175)

we can derive a formal solution for the differential equation for 4, in case w = 0:

Su(k,t) = c1 (k) H (%) / % + e (k)H() (4.176)

where the first term is the growing solution and the second term is the decaying solution.

4.4.4 General Solutions

In fact, the most general evolution equation for the density fluctuation was derived already in Bardeen (1980); Hwang and
Noh (1999) by solving the Einstein equations with full generality:

. ) k2 K
oo+ (24 3¢ — 6w)Hb, + [ciaQ—4wGﬁ(1—6c§+8w—3w2)+12(w—c§)a2+(3c§—5w)A] S (4.177)
1+w [ H? a*p \T k2 k? - 3K 1 : 1 k? :
= —=65, 2 == 2HII+2 |—-— +2H + 3(1 4+ ) H?| 11
a2l L(Hp) <H )] @ a? p{€+ i [ 3 T A A) ’
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where the equation of state, the sound speed c2, and the entropy perturbation are defined as
, op = cgép +e. (4.178)

This equation is fully general for any A and K. In the same way, the most general evolution equation for the potential
fluctuation was also derived in Hwang and Noh (1999)

) . k2 - K
Gy + (4+3c2)Hepy + [aiaQ + 87Gp(c? —w) — 2(1 + 3c§)¥ +(1+)A| py

p+p [ H? a N\ ok
= — — Py = 1I 4.17
H |:a(ﬁ+ﬁ) (H¢X> :| +Csa2(10X ]:(6, ) ) ( 9)

where the source term F is some function of e and II. These equations are greatly simplified in the absence of anisotropic
pressure II and entropy perturbation e. The equations in terms of conformal time can be obtained by using

.1 o1 H
f==f, f==f-=f. (4.180)
a a a
In a universe with constant equation of state and K = A = e = II = 0, the differential equation becomes
2 1
/" ! 2 _ —
@ +3(1+w)Hep, +wkpy =0, H= T+ 3wn’ (4.181)
and the solutions are the Bessel functions of order a:
_ 1 /5+ 3w
ox =y “ler(k)Ja(y) + c2(k)Yaly)] y = vwkn, =g (1 n 3w> : (4.182)
In RDE (w = 1/3) and MDE (w = 0), the solutions are
1 siny cosy . 1 3
oy = —|a k)( —Cosy>+02 k) (—i—smy>] , w==, a= =, (4.183)
* y? [ ( Y ( y 3 2
CQ(k) 5
oy = ci(k)+ ra w=0, a=g, (4.184)

where cs is the decaying mode. The growing mode of the gravitational potential is constant at all £ in MDE and also
outside the horizon in RDE, while it decays inside the horizon in RDE. Ignoring the oscillatory part inside the horizon in
RDE, the gravitational potential can be well approximated as

2 1

=2 - for n < nNeq, Vk, 4.185
SOX 31+(k77)2 0r77_77q ( )

where the normalization is set at the super-horizon scale, compared to ,. The solution for the density fluctuation is from
the Einstein equation
k? — 3K

Gy = o
Y 4nGpa? X

(4.186)

4.4.5 ACDM Universe

The Universe today is best described by a flat universe (X = 0) with a cosmological constant and cold dark matter. Here
we study analytical solutions in ACDM universe.

o Background equations.— A flat homogeneous universe with pressureless matter and a cosmological constant is gov-
erned by

G A 3

HY = =5=pm + 3 HEtH ===t 3, H = ~AnGpm = =3 Hn(z)
A7G A 87G 8tG
H =~ alp — Ta?, () = % - SHf;m : H* Qun(2) = =5 pm - (4.187)
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The Einstein-de Sitter Universe is obtained by setting A = 0 and 2,,,(z) = 1. In this section, we will use ,,, = Q,,(2).

o Perturbations.— We will derive the solutions first in the comoving gauge and derive the relation to the conformal
Newtonian gauge. The energy conservation and the energy constraint equations give

1

. 1 .
0="0y — Fy , Hry + 47Gpmby = ——Ap, = 6R™  —  H{, + %Hmm&, =——Ap,. (4188
a a

Using the background solution for H, the homogeneous solution for J, (where the RHS is set zero) can be readily derived

as 57(,h) o H. The homogeneous solution is the decaying mode, and the particular solution (or the growing mode) can be
derived as

dt A(p dt .
— s(h v — — — 4 9
5(17) 51() )/(h) <_2> = —DA(,D»U s D:=H / 3 Yy = 0 s ( 18 )

where the momentum constraint equation gives the conservation of the comoving gauge curvature and we defined the
growth function D for the density.* This solution is identical to that in the Newtonian dynamics despite the presence of A,
and it is indeed consistent with the general equation (4.177) with w = ¢2 = 0.

If we define the logarithmic growth rate f,

dinD 1 d 1d .
P ima " Ha P T ma®? 1D (+150)

the energy constraint equation can be re-arranged as

3 1 1 30 5 Agp
H?’fD+-H?Q,,D = — D=—o Yi=14-—2 = 6y = — == . (4.191
f + 2 m a2 —> .. 7‘[2f2 9 + 2 f szl 2 9 v HQfE ( )
The remaining perturbations are
A : A
Yo i = afy , fo = =0 =4, —GQ;}UE , Yo = ;IO”Z , (4.192)

where we used D = H fD.

e Newtonian correspondence.— The velocity and the gravitational potential in the Newtonian dynamics correspond to
the conformal Newtonian gauge quantities: U* = —vy and o, = —¢,.. The simplest way to derive the relations is the
gauge transformation from the comoving gauge to the conformal Newtonian gauge:

fyv:fyXEO — L=0, UXZO_T7 (PX:(PU_HTa (4.193)
1 ®
0=3=8,—-T — T:szaxv:}l—“z, (4.194)
such that we derive
1 1 )
Vy = _/81) = —;XU = —;jvz R Px = Yo -+ H'UX = <1 — 2) Yo = Xv , (4195)

where we used a useful relation in ACDM

1 a \- 1 1\ 1 1\
=2 (s) =z+<Hz> - 1_Z:<H2> ' (+:190)

The remaining relations are then

0y = 0y + 3Huvy, Apy = —gHQQmév , Avy, =0, , Ky =0y, =0. (4.197)

4Npte that the solution D is unique with the boundary condition D = 0 at ¢ = 0. So, the usual growth function D that is normalized today is
then D := D(t)/D(to) and the density is 0. (t) = D(t)d(to).
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4.4.6 Cosmological Gravitational Waves

In the absence of anisotropic pressure HS% in the tensor component, the cosmological gravitational waves CSB) propa-

gate freely in an expanding universe. By decomposing the transverse traceless tensor Cg/; in terms of two polarization

basis €7, 5(k), with s = +, X, the propagation equation (4.144) becomes

. . 1
hi +3Hh — ?Ahf( =0, hy + 2Hhy — Ahy, =0, (4.198)

where we assumed K = 0 and used

hl) =200 (n.k) = e (k)h* (1, k) + X5 (k)h* (n. k) . e 5(k)e” P (k) = 2% . (4.199)
Mind the normalization convention for the polarization basis with s = +, x. By change of variable vy, := ahy, the

propagation equation becomes
CL// a//
()" + <k2 — > vy =0, H2+H = —. (4.200)
a a
On large scales (k? < a” /a), we can readily find the solution

1 dt
Z0f = hi =5 (k S(k 4.201
gV = N ci(k) + c3( )/aga ( )

where the first one is the growing mode and is constant on large scales. Furthermore, by assuming A = 0 and a constant
equation of state, the exact solution can be obtained in terms of Bessel functions as
Jy(kn) Yy (kn) 3(1 —w)

hS: = —— 422
K=y T ey Y= 5017 3w) (4.202)

In the absence of parity violating process, two different polarization states behave statistically in the same way, and we
can omit the superscript s. In RDE (a « 7, v = 1/2), two solutions are

1 1
()" + k*vf =0, vy o sin(kn), cos(kn), k o< —sin(kn), —cos(kn) . (4.203)
n n
In MDE (a  n?; v = 3/2), two solutions are the spherical Bessel functions
2 . 1. 1
e+ (P2 k=0, decmt) . male) . xSt (k). @200

The second solution blows up at & — 0. Given the normalization convention, the total power spectrum of the cosmological
gravitational waves is
Pr =2(Py+ + Pyx) = Py+2 + P2, (4.205)

where Py +2 is the power in the helicity basis.
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S5 Standard Inflationary Models

Standard single field inflationary models provide a mechanism for the inflationary expansion (horizon problem) and the
perturbation generation (initial condition) by a single scalar field, called inflaton. The scalar field Lagrangian has the
canonical kinetic term, but various single field models differ in the scalar field potential, according to which the inflaton
rolls over. In most cases, the slow-roll condition is adopted, such that the scalar field dynamics is insensitive to the details
of the scalar field potential.

The outcome of the standard model predictions is as follows: The curvature fluctuations are scale-invariant (ng ~ 1)
and highly Gaussian. The tensor fluctuations are also scale-invariant, but its amplitude is very small compared to the
scalar fluctuations. The running of the indices is very small. Recent observations confirm these predictions and constrain
the parameters with high precision. However, beyond these basic features/constraints, we do not have a solid model for
inflation. Note that the energy scale of inflation is beyond the validity of the standard model physics, and most inflationary
models have many theoretical issues, when quantum corrections are considered.

5.1 Single Scalar Field

5.1.1 Scalar Field Action

In addition to the Einstein-Hilbert action for gravity, we consider the action for a scalar field with canonical kinetic term

and the potential V:

C4

_ — 4
S_/ gdw[l&rG

where the kinetic term in the Minkowski spacetime reduces to the standard form

R - 50,60%- V()] 6.

1

1
—577/”3/@ Oy = 5 [(8t¢)2 - (Vﬁb)ﬂ . (5.2)

The Euler-Lagrange equation yields the equation of motion for the scalar field

O¢p -V =0, 0:=g¢"V,V,, 5.3)
and the energy-momentum tensor is
oL 1
T/W = g/W£¢> -2 597::, = ¢,u¢,v - iguu ¢,p¢’p - ng, . (5.4

The equation of motion in the Minkowski spacetime reduces to the usual:
=V +Vy=0. (5.5)

It is often in literature that the Planck unit is adopted, and there exist two different conventions:
= — me = — . (5.6)

The recent analysis of the Planck CMB mission yields that the scalar fluctuation amplitude A ~ 2.1 x 10~ and hence
the energy scale of the inflation is

H2

A= ——
® 87725M§1

=21x107?, s H=41x10"4/eM, . (5.7)
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5.1.2 Background Relation and Evolution Equations

In the background, the non-vanishing fluid quantities for a scalar field are the energy density and the pressure

ps = %éz +V(9), po =50 = V(9), (5.8)

and accounting for the covariant derivative the equation of motion can be obtained as
b+3HO+Vy=0, ¢ +2H +a*Vy=0. (5.9

The Friedmann equation for a scalar field is

) .
Pé : Py + Po ¢ o, g _ 0 1 2
H? = , H=— — : H+H:—:—(V—¢), (5.10)
3]\/[51 2]\/[1§1 2]\451 a 3]\451

where we assumed a flat universe and no cosmological constant. If the potential energy of the scalar field is the dominant
energy component of the Universe or the kinetic energy is smaller than the potential energy (slow-roll), the expansion
of the Universe is accelerating ¢ > 0. Various inflationary models with slow-roll condition state that the potential is
sufficiently flat, such that V'(¢) is nearly constant during the inflationary period and ¢ slowly evolves (rolls over V).

5.1.3 de-Sitter Spacetime

The de-Sitter universe is a highly symmetric spacetime, defined as a background FRW universe with no matter and
constant Hubble parameter. A constant Hubble parameter leads to an exponential expansion, and we parametrize the
de-Sitter solution as

1

H? =7 t)=ellt=——
, a(t) = e =

3 a = (0,00), t = (—00,00), n=(—00,0), (5.11)

where the scale factor is normalized at ¢ = (0. The slow-roll parameter for the de-Sitter spacetime is

H d/1
£ = H?_dt<H) =0. (5.12)

5.1.4 Slow-Roll Parameters

In general, inflationary models slightly deviate from the de-Sitter phase (¢ # 0), and its deviation is captured by the
slow-roll parameter:

d (1 H : i : |4
=— =] =—-= H=-H? - =H*+H=H*1- 3—e)H*>= — .
€ dt <H> H2 9 55 a + ( 6) ’ ( 6) Mgl
(5.13)
To solve the horizon problem, we know that the comoving horizon has to decrease in time
d (1 a 1—¢
dt <7—[ ) a’H? a (>.14)
The background evolution of a scalar field can be re-phrased in terms of the slow-roll parameters as
1 ¢? 3 .5
— =201 - . 5.15
£ 2 HEM ;1 +w), ¢° = py + s (5.15)
If we ignore the second derivative of the field (& ~ () in the equation of motion,
: Vie\®
3Hp ~ -V ~ [ == 5.16
¢ % Py + Dy <3 H> ) (5.16)
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the slow-roll parameters are then further related to the slow-roll parameters defined in terms of the derivatives of the
potential also used below)

My (V) Vv MAV,V
. _pl P\ e Af2 9P\  plV.eV.09e
6V_2<V) =&, nV'_MpI<V>_€+n7 SV'_Ta (517)
where we used the second slow-roll parameter )
nim -2 (5.18)
H¢
In fact, one can show the exact relation
4 2
= 1—= = . 5.19
e=ey < 3Ev T+ 377\/) (5.19)
In literature, different convention for slow-roll parameters are often used, in particular, in terms of Hubble flow:
1 dlne 1 dlng;
= = —=—=2(c— i1 = — 5.20
LTmEs 2T H @ (e=n). “itl H dt (5-20)

Furthermore, the inflation has to last for some time, such that the modes we measure in CMB have to expand at least by
40—60 e-folds. So it is convenient to define the number of e-folding for a given mode as the number of e-folds the mode &
expanded from the horizon crossing until the end of inflation, '

tend
Aend
N(¢p) :=In —< = H dt, k=aH, (5.21)
( ) a(¢k) tr

where ¢y, is the time the k-mode crosses the horizon. Using the e-folding number, we can express the slow-roll parameters
as

din H dlneg;

dN = Hdt =dlna , €= — IN Eit1 = IN (5.22)
5.1.5 Linear-Order Evolution
Given the energy momentum tensor, we can derive the fluid quantities for a scalar field:

Sps = 90¢— P a+V4dp=3dp, —3H¢ ¢, 8py :=8p = plv, (5.23)

.. . . 5¢
Sps = ¢0¢p— ¢’ —V4ép =3dp, —3c2Ho 8¢ , v = (5.24)
e = dp—ctop=(1-c)dp,, Fzﬁ =¢®=0, (5.25)
where we used the following relation and the sound speed is defined as
Y B . Y PR : s Do 2¢

Note tht the sound speed defined above is negative, and in particular ¢> ~ —1 for slow-roll inflation. The entropy
perturbation is gauge-invariant, and it is non-negligible for scalar field (e ~ 2dp, for slow roll models). Therefore, the
comoving gauge corresponds to the uniform field gauge for the single-field models:

0
%zw—’Hvzso—Hfzsow (5.27)
Other useful gauge-invariant variables are
66 =06~ ¢'T, Sy = 36— =, Oy = 86 — b . (5.28)

The end of inflation is a bit ill-defined, as we do not have a concrete model. However, in terms of N we can safely use the condition that the
slow-roll parameter becomes order unity € ~ 1.
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The equation of motion for a scalar field is then
dp+3Hop + <V¢¢ + a2> ¢ = p(ad+ k) + (20 +3Ho)ax . (5.29)

There exists a very important conservation law on super horizon scales. First, we define a gauge-invariant variable ®,
which is essentially the comoving-gauge curvature:

K/a? H? ( a ) 2H11

- (e , 5.30
AG(p + p) Px 4tG(p + p)a X p+p ©-30)

D=, —
where the last equality can be readily verified by using Eq. (4.163). Taking the time derivative of the definition of ® and
using the Einstein equations (4.166) and (4.163) to remove ¢, and v, we derive the governing equation for

H c2 H 2
- = T Ap, - Z_AII 5.31
mGlp+pa® " pap <€+ 3a? ) ’ 3D

where the sound speed is ¢2 := p/p and the entropy perturbation is dp =: c2dp + e. The derivation is fully based on
the Einstein equation (no conservation equation at the perturbation level), so that the fluid components are for the total
energy-momentum tensor. For the inflaton field with IT = 0 and e = (1 — ¢2)dp,, we define the physical sound speed c 4
for inflaton

2
H 4

3K
= mﬁAS@X ) 0,24A<PX = chng —4rGa*(1 - )dp, = A [1 +(1— cg)A_l} oy, (5.32)

so that the physical sound speed for the inflaton is c4 = 1 in a flat universe. In other words, when the scalar field is treated
as a fluid, c4 appears in the fluid equations as the proper sound speed, instead of ¢2, and it is a relativistic object. It is
clear that the comoving-gauge curvature is conserved on super horizon scales.

5.2 Quantum Fluctuations in Quadratic Action

The background relation describes the inflationary expansion, and the equation of motion we derived describes the evolu-
tion of the perturbations at the linear order. Here we will derive their statistical properties. However, before we proceed,
we need to better understand the structure of the theory. Even for the standard inflationary models of a single field, the
theory is not a free-field, but an interacting field theory.

This can be illustrated as follows. To simplify the calculations, we choose the comoving gauge

5 _
0=1vy = gj) : P(x) = ¢(t) €=y = Q54 , (5.33)

and it coincides with the uniform field gauge. Our main variable for scalar fluctuation is then the comoving gauge
curvature (, as the scalar field is uniform. We can expand the action perturbatively to give

S = S0[¢, gap] + S2[¢*] + S3[¢P) + -+, H=Ho+Hw, Huw=Y Flen-- )@+, (534

where the background action Sj defines the background evolution and its slow-roll parameters. Here we will study the
quadratic action S2 in great detail to derive the power spectrum of the scalar and tensor fluctuations, and the quadratic
action is indeed a free-field action in the de-Sitter background (or with small deviations around it). However, remember
that the full theory is interacting, and we cannot use the free-field theory to quantize the fluctuations, if we go beyond the
quadratic action or compute the high-order correlation functions.

5.2.1 Quadratic Action for Scalars

To derive the linear-order equation of motion, we need to expand the action to the quadratic in perturbations. To simplify
the calculations, we choose the comoving gauge. After some integrations by part of the quadratic action, the quadratic

56



AST513 Theoretical Cosmology JATYUL YOO

action for scalars in the comoving gauge becomes”

Sipy = + dtd3xa3£ g’ti(vg)? — L [y ax (') = (V )2+Z—”2 (5.35)
2= 3 Jig a2 2 ) Y AR ‘

where we integrate by part, M}, = 1, and we defined the canonically-normalized (Mukhanov-Sasaki) variable

)
v:i=2z(, ¢ =y, 22 = aQ% = 2a’%¢ . (5.36)

At the quadratic action, scalar, vector, and tensor do not mix, while they do mix in general quadratic terms. In the action,
their indices need to be contracted, e.g., qﬁﬂjhij , and an integration by parts yields vanishing contribution due to the
divergence free condition for vector and tensor contributions. The Lagrangian now takes the form of the simple harmonic
oscillator, but with time-dependent mass term

m?(n) = ., o2 (5.37)

where we took the de-Sitter limit (¢ = z = 0). The canonical momentum and the Hamiltonian are then

oL,

1
m=sn =, H=mv—L= 5 (V)% + (Vv)? + m*?] . (5.38)

The equation of motion for the Mukhanov-Sasaki variable is the Klein-Gordon equation:

(O-m*)v=0, vp 4 wive =0, wi=k*4+m?, U = V¥ . (5.39)

The mode functions take the simple solution for the time-dependence under the assumption that w; =~ k is time-
independent in the limit n — —oc:

o) = v € 4 e R () + o (1) uf = (v )T, (5.40)

where the amplitude of the mode functions are undetermined. Therefore, the general solution can be written as

d3k iw - —iw, ik-x dsk —ikx — ikx
v(z) :/(27r)3 (v €% + vy e k”)ek :/(27r)3 (vfke oy oy et ) , k= (wp, k) . (5.41)

5.2.2 Canonical Quantization

So far, we have derived a classical solution of the quadratic action for scalars. By promoting the Mukhanov-Sasaki field v
and its canonical momentum field 7 to quantum fields, we need to impose the canonical quantization relation (A = 1)

[0(n,x),7(n,y)] = i6°P(x —y) [0(n,x),0(n,y)| = [7(n,x),7(n,y)] =0, (5.42)

where we work in the Heisenberg picture for the time-dependent operators. Apparent from the notation, we want to define
the creation and annihilation operators as

vy = agvy (vl:)T = vfk = &Lv; , (v,)" = v,j , (5.43)
such that we derive
R d’k /. » o 3k . e -
o(z) = / n e (aLv,j e 4 Gy e"m) = / @)y [aLv,j(n) e X LGy (n) e x] : (5.44)
where we defined '
v,f(n) = vkiei’wk” . (5.45)

’Here, “scalars” are used to refer to the scalar fluctuations, not to be confused with the scalar field.
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By substituting into the canonical quantization relation, we can derive that the ladder operators indeed satisfy the standard
quantization relation at the equal time

e, af,) = (2m)%6%P (k — K') [, ae’] = [, af,] =0, (5.46)
if the normalization for the mode functions is properly chosen
Wiv, vl = v v —v v =i (5.47)

With the properly normalized operators, we obtain the usual relations

ine]0) = 0, 00y =1, Inge) = \/2% @hymo) (5.48)

where v2F is put to make it Lorentz invariant. One can quantize the field, starting with the time-independent Harmonic
oscillators, then applying the Heisenberg picture with the free-field Hamiltonian, as in Peskin & Schroder.

5.2.3 Vacuum Expectation Value

While we imposed the normalization condition for the mode functions v,f (n) in terms of their Wronskian, the physical
vacuum is yet to be fully determined, due to the arbitrariness in the mode functions. Note that we can change vlf and ag
together, while v(x) remains unchanged. Consider a different set of mode functions uf that are related to the original
mode functions as

wy (n) = agvg () + Brog (n) (5.49)
and construct the creation and annihilation operators f)i with uf
uy, = by, (5.50)

Using this relation, we can write the operator ¥ and its canonical momentum 7 in terms of by and 5}: These two sets of
quantum operators are then related as by, so called, the Bogolyubov transformation:

dre = afbi + Brb' al = apbl + Biby lak? = Bl =1, (5.51)

where the normalization for the transformation coefficients is due to the Wronskian normalization. Note that the vacuum
defined by one set of operators ay is not the vacuum with respect to the other set of operators bi. To properly determine
the physical vacuum, we need to fix the mode function completely.

In terms of the mode functions, the Hamiltonian in Minkowski spacetime is

. N . 1
H:/d3x’H, H:§[ﬁ2+(V6)2] , m—0. (5.52)

Using the expression for the mode function in Eq. (5.44), we derive the Hamiltonian

1 [ d’k
H=3 / oy K(u,j’)? + kQ(v,j)?)&Ldi + ((v,;’)2 + /-c?(v,;)2> i i + (&Ldk + ade (yv,;’|2 + kav,;P)] ,
3

(5.53)
acting on the vacuum |0) as
- 1 [ d’k o _ -
H|0) = 5 / P K(v,j’)Q + k2(v,j)2) agat + (lvg PP + K lv, %) (277)3(53]3(0)} 0) . (5.54)

The vacuum |0) is an eigenstate of the Hamiltonian, and indeed the first round bracket vanishes. The remaining term in
the Hamiltonian should be minimized by a proper choice of the mode function. Given the normalization of the Wronskian
and the time dependence of the mode function, the physical mode function is then found to be?

1

v () = T e hn (5.55)

W, v = 2iklog | = ,

Therefore, we derive the vacuum expectation values

e .1
(0flw[0) = (2m)*6* (k — K) P (k) | Pu) = o P = o

3In fact, given the Bogolyubov transformation, one cannot use the time-dependence +iwy7 to find the physical mode function, rather one has to
find a general solution with v, = A e Brm,

(5.56)
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5.2.4 Scalar Fluctuations

Now we consider the time-dependent mass term in the equation of motion, and following the same procedure we pick the
vacuum that corresponds to the solution in the Minkowski spacetime as the modes were deep inside the horizon in the far

past
1 1

— —i i - —ikn
vp(n) = ———e e~ k(M1 lim wvg(n) = —=c¢€"' (5.57)
2w (1) ’ N——00 V2k ’

and this choice of the mode function is called the Bunch-Davis vacuum. Note that with time-dependent mass term (or
spacetime) the vacuum defined as the minimum of the Hamiltonian is also evolving in time, i.e., the vacuum state a
moment ago is not a vacuum, but a state of particles.

To the zero-th order in the slow-roll approximation (¢ = 0), the inflationary period is the de-Sitter spacetime, in which

a” 2 5 2

m2(n)=—;=—?, wi =k — = (5.58)

and we can derive the exact solution for the mode functions:

e thn 1
ve(n) = VT (1 — k;77> . (5.59)

When the k-mode is stretched beyond the horizon, the amplitude of the mode function is

11 1 a’H?
li = lim k3 jog)? = = = 5.60
k;glﬂ Vg (77) Z\@ k3/277 ’ kéglﬂ ’vk’ 2772 2 ) ( )

and the power spectra of the mode function and the comoving-gauge curvature are
2772 3 2
a‘H k 1 H

P, = |u)? = A A2 = : 5.61
v = o™ = CT o 0T 22 T B2 G-oh

5.2.5 Tensor Fluctuations: Gravity Waves

We can repeat the exercise for the scalar fluctuations to derive the tensor fluctuations. The tensor perturbations are
decomposed in terms of two helicity eigenstates as

hij =200 = 22 QE (5.62)

and the quadratic action for tensor is

M2
S =5 / dip d*x a® [(;)* = (Vhi)?] = / dn d*k - M}, [(hi’)2 - k‘2(hi)2} : (5.63)

s=+£2
Using the Mukhanov-Sasaki variable for tensor fluctuations, the quadratic action is
s._ @ s 3K s/ 2 af” 512 2 _ al
v = o M Z dn d*k — B2 (w))? + —(v))?], m?=——, (5.64)
5= :|:2 a a

where we integrate by part and used #? + H' = a”/a. The quadratic action for tensor is identical, and we can readily

derive the tensor power spectrum

(aH)?
2k3 7

P, =

2 \? 4 H2
> 2 (5.65)

PT = 2th—2<aMpl —EMigl
The amplitude of the tensor power spectrum is the energy scale of the inflation in the early Universe, and its ratio to the
scalar power spectrum is
_ A8 ¢
AZ T MZH?
slow-roll suppressed. Note that GR is a proper low-energy EFT of quantum gravity and hence there are no issues in
quantizing gravity in the standard QFT as above. The problems arise only when the energy scale approaches the Planck
scale.

= 16¢, (5.66)
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5.3 Predictions of the Standard Inflationary Models

5.3.1 Consistency Relations

For the standard single field inflationary models with the slow-roll approximation, we summarize the predictions for scalar
fluctuations

22 H? 1V
P = _— A A = = 5.67
¢ ( k3 ) . T 8n2eMZ T 24n% MY (5.67)
dInk3P;

ns e = (el nv — 6ev , (5.68)

the predictions for tensor fluctuations

4 H? 272 2 H? 2V dIn k3 Pr
Pr=—-—1%= = A Ar = w—% = —— =~ =2 5.69
SR V) < 3 > m T M T 3 MY T T dnk € (06
P P P
and the consistency relations
Ar _ 847

= i = 2 = 16 = —8ny . (5.70)

By measuring the power spectrum amplitude and its slope for both scalar and tensor fluctuations, we can ensure that the
fluctuations are indeed generated by a single field inflaton or rule out the standard inflationary models. There exist other
predictions in the standard inflationary models (and of course, for the beyond the standard models) that can be used to test
models, such as the primordial non-Gaussianity and so on.

5.3.2 Lyth Bound

Given the definition of the e-folds, we can further manipulate it by using the inflaton as a time clock:

( ) Pend ¢end 8 dqb 2
N (o :/ d¢ — / r =16 = — <> , 5.71)
. 1\/> Mgl dN
and this relation further implies that the excursion of the inflaton field is related to the tensor-to-scalar ratio as
A¢k} cmb \/>
AN (5.72)
Mpl end

where (¢enq) = 1. To solve the horizon problem, the mode % should have expanded at least 40—60 in e-folds. So, this
consistency relation (Lyth, 1997) implies that an inflationary field variation of the order of the Planck mass is needed to
produce > 0.01. From the theoretical point of view, this sets the upper bound on the amplitude of gravitational waves.
Indeed, the standard inflationary model predictions are very small.

Note that the uncertainty in e-folds IV is due to our ignorance in the reheating era: After the inflationary period ends,
the inflaton field decays into other particles and reheats the Universe. This period is expected to be described by a matter-
dominated era, as the inflaton oscillates around the minimum of the potential, effectively acting as a matter. However, we
know very little about this period.

The current observational constraint is

Ay ~22x%x1077, ne =~ 0.96 , e~0.01. (5.73)

indicating the energy scale of the inflation is

2V
37r2M§1

v

2
= 164, , H? = EITEa =¢c(2x 10" GeV)~ . (5.74)
b

Ar =
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5.3.3 A Worked Example
Here we consider a very simple inflationary model with a power-law potential:

1
V= §m4*a¢a , (5.75)
where the mass m and the slope « are the free parameters of the model. It chaotically starts everywhere at any time in

field configurations, and its predictions are then

ey = —|—— , nv =ala—1) — , (5.76)
ZAN AN
d¢ 1% ¢)2 42 4
N — = ——d ~ 16 —1~2npy —6ey . 5.77
Mgl V! 2M§1a J r v, Nng nv Ev ( )
Approximating ¢eng =~ 0, we further derive
1/ ¢\ o a—1 a+2 4o
N~—|— ~ — = 1—ng~ ~ — v
20 <Mpl> ) gv AN’ nv oON Ns IN r N (5.78)

5.4 Adiabatic Modes and Isocurvature Modes

o Adiabatic modes.— Assuming a flat Universe, we can arrange Eq. (5.31) to show

2 2 B .
where the entropy perturbation is gauge invariant at the linear order
e:=0p—cop. (5.80)
If the pressure of a fluid is just a function of the density, it satisfies the adiabatic condition (= = e = 0):
p:p(p)zp(p)-l-;iz05p+~'-=p+c§(5p+---, ci::fpf, e:=0. (5.81)

Therefore, in the limit £ — 0, if = = 0 vanishes, the comoving-gauge curvature perturbation is conserved, regardless of
contents in the Universe.

lim ¢, = constant in time if ==0. (5.82)
k—0

Indeed, the adiabatic condition = = 0 is satisfied for the matter-dominated era, the radiation-dominated era, and for the
single field inflation,* which are essentially cases with a single fluid.

For multi-fluid cases, the adiabatic condition can be imposed for individual components, fluctuating at the same rate
at a given point:

op; O op; 0 0, 0
i Chror PSPt . o, T, “ =" forVa,b, (5.83)
Pi Ptot Di Dtot 1 + Wg 1 + Wy
and in the limit £ — 0 we can indeed derive the adiabatic condition
1 /[t 1
Z:=— [ dta(t), Uy = —=Z ¢y . (5.84)
a t; a

This is a non-trivial condition, as opposed to the single-fluid case. For example, consider radiation and matter components:

Hpmp
_ m(zmm ~36,), (5.85)

(11

py = —4Hp, pm = —3H pp, ,

*It vanishes only in the limit & = O for single field models.
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such that ¢,, is conserved, only when the adiabatic condition

Oy

O = — L —
1+1/3

(5.86)
is satisfied in the limit & — 0. Even for single-field inflationary scenarios, there should have existed many other matter
fields, and some energy transfer to these fields are inevitable. However, these non-adiabatic perturbations decay fast as
the inflation proceeds, and they become exponentially suppressed when these matter fields dominate the energy budget
during the reheating era. For adiabatic case, the curvature fluctuations for each fluid are identical:

da
Vs, =@+ ] =, , forVa,b. (5.87)

3(1 4 w,

e Isocurvature/entropy mode.— Isocurvature perturbations represent non-adiabatic fluctuations that arise from a decay
of a single source (or the inflaton). With the specific definition of Sxy below, one can set up the initial conditions for N-
component fluids in terms of one adiabatic fluctuation and N — 1 isocurvature fluctuations (no isocurvature fluctuations
for a single component). Note, however, that this independent setup is valid only at the initial time. The evolution
of isocurvature perturbations depends not only on inflationary dynamics, but also on post-inflationary evolution. For
example, if all particles thermalize after inflation, all isocurvature perturbations become adiabatic perturbations eventually.
The details are in CPT.pdf.

The isocurvature perturbations and the entropy perturbations are interchangeably used, because they do represent the
perturbations between species and it does conserve the curvature. In practice, the entropy perturbations are parametrized
by two free parameters at some pivot scale kg (0.002/Mpc in WMAP), i.e., ratio « of the isocurvature to the adiabatic
perturbations in their amplitudes and their correlation 3

PS (0% PSC
- : | S 5.88
PC 1—a« ﬂ /PSPC ( )

where the relative entropy perturbation (or specific entropy) is defined as

nx nx dnx ony dx dy
=0 = — | = — = - . SR
Sxv <TLY ) / (ny> nx ny I1+wx 14wy (589

By defining the gauge-invariant curvature perturbation in the uniform-density gauge

dp o
= —H—: —|—7’
pr=p—HD = ot g0

(5.90)
we can readily show that the entropy perturbation is gauge invariant and conserved on large scales in the absence of mutual
interactions.

Sxv =3 (¢ — ) . (5.91)

In literature, it is often the case that the reference species is set for photons, and three extra components are considered
such as baryon, cdm, neutrino (sometimes neutrino velocity) for isocurvature perturbations. In the most general case, we
need to consider Sx~ with X = b, cdm, v in addition to P, such that the initial power spectra are characterized by
4-4 matrix of auto and cross power spectra, each of which is described by the initial amplitude and the slope. A pure
isocurvature model is ruled out, because the Sachs-Wolfe plateau is six times larger than in the adiabatic case and the
contributions on small scales are further suppressed 7; o< (k/keq) 2 in the isocurvature case.
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6 Weak Gravitational Lensing

6.1 Gravitational Lensing by a Point Mass

In classical mechanics, the gravitational interaction due to a point mass M provides a perturbation along the transverse
direction to a test particle moving with the relative speed v

A’UL == 5 (61)

b Urel
where G is the Newton’s constant and b is the transverse separation (or the impact parameter). The prediction for the light
deflection angle & in Einstein’s general relativity is well-known to follow the same result in classical mechanics, but with
additional factor two:

AGM : M b\
(= =5 = 8.155 x 1077 arcsec <M®> (AU> : (6.2)
Given the deflection angle &, we can readily write down the lens equation in terms of the angular diameter distances
Dyé = Dy — Dy, §=n—0%/n, (6.3)
where the Einstein radius is
AGM Dy, L M D\ 2 D\ V2
O = =2.853 x 10 — ) [ — 1——= . 6.4
E 2 DD, X arcsec M, kpe D. (6.4)

For a point mass lens and a point source, two lensed image positions are readily obtained as

1 1
ﬁ1:2<§+,/§2+4e,25>, ﬁ2:2(§—\/§2+49%><0, np+ng =35, (6.5)
and when the source and the lens are aligned, the lensed images form a ring with radius 0.

e microlensing, probe of MACHOs or exoplanets

6.2 Standard Weak Lensing Formalism

6.2.1 Lens Equation and Distortion Matrix

This light deflection due to a point mass can be generalized to derive the standard weak lensing formalism by considering
the gravitational potential fluctuation v = —G M /r of the general matter distribution p (but still a single lens plane),
instead of a point mass (¢ indeed corresponds to the metric fluctuation «, ). The lensing potential P is the line-of-sight
integration of the metric fluctuation,

1 Dy
b= — dz 2 6.6
app. | 2 (6.6)
and using the Poisson equation, we can relate the lensing potential with the surface density X as
2 ~ 2 2 % . 2,1 2 N
VY = 4nGpa®d , Vo =2—, ¢(n)= [ d°n—In|jn—n|, (6.7)
e T

where we ignored the boundary term when the Poisson equation is integrated and the critical surface density is defined as

B 47G DDy (D D -1
ol 2T Y, = 1. 108 A, 2( s ) (2 . .
C =D 663 x 10% hMy pc <Dzs> (h_lMpC (6.8)

Though the lensing potential is formally divergent for a point mass, its angular derivative is well defined:

DZDS Ds 2
N — — [0)) .
a ( 5 )m> PV 6.9)
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such that the lens equation becomes
§=n—-Vo, (6.10)

where V is the angular gradient. When the lensing material is distributed over the redshift, the lensing potential is then
obtained by integrating the potential fluctuation over the line-of-sight distance as

@—1/mdr<rs_r> mbzy/mdrg“j3)2¢, 6.11)
0 0 r

rsT

where we switched to a comoving angular diameter distance 7 and we defined the weight function g (or lensing kernel)

for later convenience ~ ~
g:=r2<rsr> : 6.12)
TsT

which peaks at the half the distance to 75 and vanishes at both ends ¥ = 0 and ©¥ = ;. When the background source
galaxies are also spread over some redshift with the distribution ny(rs), the lensing potential can be readily generalized
by replacing the weight function with

g:ﬂ/mm<“_vnww7 @:Awm%?w“ 1:Ammwwg, (6.13)

TsT

where the upper limit for the integration is indeed 7(z = o) and the source distribution is normalized.
Using the lens equation, the distortion matrix D (or sometimes called the amplification matrix) is defined as

Jsi P11 Pro s &

]Dij = 7871]' = Hij — @21 (1)22 y (I)ij = VjViCD s (6.14)
where I is the two-dimensional identity matrix and we defined a short hand notation for the angular derivatives of the
lensing potential. The distortion matrix is conventionally decomposed into the trace, the traceless symmetric and the
anti-symmetric matrices:

T k 0 _ 4! V2 _ 0 w . N2 2 )
D:=1 <0 m> (72 —’Yl> <—w O)’ detD=(1-k)"—7"+w”, (6.15)

where the trace is the gravitational lensing convergence x and the symmetric traceless part is the lensing shear v =

VY +s

1 1 Dy — D
po= 1= D= (Pn+2) wz—ai—gzO, (6.16)
Doy — D 1 Dy + D
o= %25(‘?11—@22)7 725—%=‘I’12=‘I’21- (6.17)

Since the distortion matrix in Eq. (6.14) is symmetric, the rotation w vanishes in the standard formalism at all orders.

The standard lensing formalism is based on the lens equation and the lensing potential in Eq. (6.10). However, the
source angular position § := (6 + 66, ¢ + d¢) is gauge-dependent, and the lensing potential that is responsible for the
angular distortion (66, d¢) is also gauge-dependent. Indeed, we already know that 2¢) in Eq. (6.10) should be (o, — ¢ ) to
match the leading terms for 96 and the Poisson equation in Eq. (6.23) is indeed an Einstein equation with v there replaced
by —gox.z Furthermore, there exist no contributions from the vector and the tensor perturbations in the standard lensing
formalism. Finally, while the derivations in this subsection assume no linearity, all formulas of the standard lensing
formalism turn out to be valid only at the linear order in perturbations.

!Sometimes it is normalized when integrated over redshift.
2 Additional condition of a vanishing anisotropic pressure is needed to guarantee ay = —¢, and hence the consistency in the lensing equation.

64



AST513 Theoretical Cosmology JATYUL YOO

6.2.2 Convergence and Shear

By using
o _loc Ry P
we derive the individual components of the distortion matrix
0o _
/{:/ dg()v¢, ’Yl:/ d"f’ﬁ(vz V2>w, ")/2:2/ df@V1V2¢,
0 7’ 0 T 0 T

(6.19)
where the indices ¢, 7 = 1, 2 represent the angular components.
While the distortion matrix is defined in terms of angles, it is often assumed in literature that the line-of-sight direction
is along z-axis (n// 2, i.e., # = 0), and two angles are aligned with z-y plane. In such a setting, consider two small angular
vectors at the source position subtended respectively by df and d¢ at the observer position

Asfw =D;1do , ASZC‘M) = D12d¢ . (6.20)
The solid angle at the source subtended by these two angular vectors is then related to the solid angle at the observer as

dQs = |As¥ x As?| = det D dfdp = det D dQQ, , (6.21)

and hence the gravitational lensing magnification y is then

_1_dQ

= a0, =detD=(1-k)?> - +w?~1-2k. (6.22)

7

For this reason, the distortion matrix is often called the inverse magnification matrix.
Using the Poisson equation in cosmology,

3HOQ S

V2 = 4G pa’s,, (6.23)

the gravitational lensing convergence can be computed in terms of the matter density fluctuation §,, in the comoving
gauge as

H2 00 5m
n:/ dr g()v%_?’ OQm/ dr g(r) 2 (6.24)
0 2 0 a
where we used the Laplacian
v2o 10 (20 + - v2 (6.25)
72 0r 8r ’

and ignored the boundary terms. The dominant contribution to the convergence arises at half the distance to the source
due to the lensing kernel g(7, 7s).

6.2.3 Angular Decomposition and Power Spectrum

The convergence field is

P2 2

2 o)
k(1) ::/ a7 90 ¢=3H09m/ dfg(f)%n, (6.26)
0 0

and the convergence can be angular decomposed as

/dQﬁYl*m(ﬁ)/O dr £2>v2

2 ~
= 4rit / d;ﬂ’; [—l(z+1) /0 a7 97 )T¢(k r)jl(kr)] / % 7 (R)R(K) , (6.27)

Rim

3 ~
/ (gﬂl;?’ 47 Z z‘LjL(krl)YLM(ﬁ)Yg‘M(k)Tw(k, r)R(k)
LM
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or in terms of the matter fluctuation as

dk k2 [3H? < g(F) dQ A
_ -] 0 — N - _ k
bt = A / L [2 Q, /0 ar &) :ns(k,r)gl(kr)] / Vi (R R(K) (6.28)

where the square bracket in the first line is just a Fourier transformation and we expanded the exponential in terms of
plane waves. By defining the convergence transfer function

T (k) :==l(1+1) /OOO dr gg) Ty(k,7) (k) = 31;1397”/0 dr g( ") Ts(k,7)j,(k7) , (6.29)

the angular power spectrum is then obtained as

2

" (k) (6.30)

1 2 2
— S ki l2 = ar [ dink A
Cl A+ 1 - ’K/lm’ W/d nk R(k>

Using the flat sky approximation (or the Limber approximation; and see LoVerde and Afshordi (2008) for the discus-

sion)
m 1
' — P 1+ - 6.31
) > [y 0 (145 -a) 631)
we can simplify the transfer function as

T (k) = —l(l+1)/0 dr g;) Ty (k, 7) % l+7T1/2 5P (”km —r) — 1+ 1), /l+7r1/2 i(QT¢(k,r),
(6.32)

where k7 = [ + 1/2 should be imposed. With the other transfer function manipulated in terms of 57 (k) as

ﬁ”(k):l(l+1)/0 dr ()T¢(k 7) x 717‘/”1/25 <l+r1/2 k) 6.33)

the angular power spectrum can be simplified as

r l+1/2
o :12(l+1)2/df (gyfg")) P, (k: +T/ ,F) . (6.34)
Using the Poisson equation
302 .\’ P 3HZ .\’ P P\ 1
Py = 20 = 00, | — +——= kr=1+ = :
P ( > a2kt < 9 ) a2 <l—|—1/2> ) r +27 (6.35)

the angular power spectrum in terms of the matter density fluctuation is

(2P (3HE L N[ (4A() 412
C’< (20 + 1)4 )( 2 Qm) /dr (am)Pm (’f " ,r) ; (6.36)

where the whole round bracket in front with [ is approximately one.

6.2.4 Flat-Sky Computation

Assuming that the survey area is small, we will utilize the angular Fourier transformation in Eq. (3.17) by again computing

(D(l) — /d29 —zln/ d— 2¢] / d— /d29/dk” / d kl zk;“T i(ky —1/7)-Fid ¢(k’f)
_ / 7 / dky 2¢< ;) ki L= Th (6.37)
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such that the lensing observables are

12 l2 — 12 ,
wl) = —52(0), (1) = =12 (1) = cos201 k(1) (1) = —hily @(1) = sin 26 5(1)
(6.38)
and the angular power spectra can be readily derived as
l4
Py(l) = 7 Pa(l) , P, = cos?2¢; Pi(l), P,, = sin®2¢; P.(1), (6.39)

where we used 1 = (I1,13) = l(cos ¢1,sin ¢;). By computing

dk o
(®( / iy L / dr 9” / —lyp, (k :l}) etk (=T2) (972D <h+12> . (6.40)
r1 r1 2

we obtain the angular power spectrum of the lensmg potential as

o] 2(=
Po(l) = / ar 1) 4P, <kL - i) : (6.41)
0

76

where the line-of-sight integration over & gives rise to another Dirac delta function.
From the relation of the lensing observables, we find it useful to construct E and B-modes as

E(1) := cos 2¢y 71(1) + sin2¢; 12(1) B(1) := —sin2¢; 11 (1) + cos 2¢; 12(1) . (6.42)
We can readily derive
EQ) =«x(1), B(1) =0, Pp(l) = P(1) , Pp(l) = Pep(l) =0, (6.43)

in the absence of any systematics and/or physics other than the gravitational lensing, such that it provides a consistency
check of the measurements, where the convergence power spectrum is again related to the matter power spectrum as

P.(l) = (3}2[39,”)2/0 T p </<:L - l) . (6.44)

72a2 7

Now we compute the angular correlation function by Fourier transforming the angular power spectrum. Out of two shear
components, we construct three angular correlation functions as

L . d?l i1.0 cos? 2¢; cos 2¢y sin 2¢;

wi(8) = (:(0)(9) = / (27)2 ¢ ( cos 2¢ sin 2¢y sin® 2¢; ) Bl (643)
- di | Jo(16) + J4(16) 0
_ 2/0 o Pﬁ(l)< . To18) - Ja(16) ) , (6.46)

where J,, is the Bessel function and used its integral representation

Jo(z) = / ;Zf: iweos Ju(x) = / ;Lfemow cos 46 . (6.47)

6.2.5 Worked Examples

For the simplest case, where the lens and the source are at two definite redshift slices, the lensing observables can be
written in a polar coordinate as

<1>q>99 )

2 = Dt =2, (6.48)
C
2 sin 26 20 20 P 29
2 = cos20D,, — Sl%(brg — Coi o, — CO; Byy + 250 g, (6.49)
2 cos 20 20 in 20 P 20
2y = sin20d,, + B0, 0204 gy — 2Ty, (6.50)
T T
1 D,  Dgp\> (O Dy \?
Vo= v%+v%—4<<1>w—7f—7f’f) +(;9—r§> . (6.51)
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For an axisymmetric lens, the lensing observables are further simplified, and the convergence and shear are

. ) )y 1/® P, ¥ N(<r)-%
26 =V?® =&, + — =2 — =L -0y )|=—"-="7T 6.52
K rr+ , 5, ) Y 9 < r rr r 5, 5, ) ( )
where (< 7) is the average surface density enclosed in radius r and 3(< 7) = ®,/r from the first relation. The
magnification is determined by the surface density of the lensing material, and the gravitational shear is set by the excess
surface density of the enclosed mass AY. := (< r) — X(r).
For a point mass, the convergence and the shear are

GM Y M&P(R
v = — , V2 = 4arGM P (z) K= — = Mo~(R) , (6.53)
r e e
S<R) - ¥ 6% _ M
= _— = — = — E = —_— 6.54
7 ) Y. 027 TR? (054
The lensing magnification is then
) P, O 0
pl=det D=1-&,, — — 4 o _ 295 (6.55)
T r ror
where we used the lens equation
s=r—>o,, Oprs=1—p, . (6.56)

For a point mass, there exist two lensed images. When two images are not spatially resolved, the magnification of the
lensed images is the sum of two, and we derive the master equation for microlening

s9s\ 1 s9s\ 1 u? +2 s
— [ R = — = —. . 7
: (7”67“)1 +<7"87“>2 uuZ +4 b ) (6.57)
6.2.6 Galaxy-Galaxy Lensing

Galaxy-galaxy lensing is used to refer to the two-point correlation of the galaxies at one point and the lensing signal
measured by background galaxies at the other point. In short, it measures the galaxy-matter cross-correlation. Compared
to the cosmic shear measurements, the advantage here is that we have well-defined lenses (lens galaxies) in the foreground,
such that the shear measurements in galaxy-galaxy lensing are less susceptible to other systematics.

Assuming spherical symmetry, we can readily derive the lensing convergence and the shear as

(6 _
W)= 2 +(0) = 5(60) — 5(0) (6.58)
C
where the “comoving” critical surface density is>
Se(21, 22) e L e 10 aMpe? T (e ) (6.59)
21,29) = =1. cC = : .
e\l =2 ArGrirs 1+ 7 ONP r; \ h~!Mpc 1+ 2z

Since we are measuring the excess matter around galaxies, the lensing observables are related to the projected galaxy-
matter correlation function:

W) = [~ de g (r = VR 2) = [T TR B ) do(hLR). (6:60)

— 00 0 2

where the integration along the line-of-sight is performed. However, note that this is valid only on small angle, as the
observed angular separation 6, not the physical separation R is kept fixed. Under the small-angle approximation, the
convergence at a given separation can be derived as

w0)= 52 = [ a2 (14 ) = 22 w(), (6.61)

SMultiply by (14 z;)? for physical critical surface density. Note that sometimes people use the physical angular diameter distances, while using
comoving coordinates for other quantities, in which (1 + z;)? appears in the equation, instead of (1 + z;).
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and the remaining lensing observables are

27 0 3Hng (?75 — fl)fl dk| k| 2J1(,I€Lf(9)
K = — = P, (7)) ———— :
k(6) 7 /0 df 6 k(0) 5 . / o o (k1577) R0 (6.62)
_ 3HE Oy, (rs — )7y [ dky ko _ _
vr(0) = R(O) — k() = 02 " / o Py (k1 ;7) Jo(ky 70) (6.63)
00 9 R
AY(R) = Yo7 = ﬁm/ dz [R?/ dR' R &g (R, 2) — &em(R, z)] . (6.64)
—00 0

6.3 Weak Lensing Observables

6.3.1 Ellipticity of Galaxies

The ellipticity € of galaxies is measured in terms of its semi-major axis a and the semi-minor axis b or in terms of the axis
ratio g as
2 _ 32 2 152

a®—b 1-— 0— 50 b

€= 50 = q2z 21 ~4, g =—:=1-6. (6.65)
a?+b 1+4+¢ 1 -0+ 562 a

In an idealized case of round galaxies, the ellipticity e, the axis ratio ¢, and the distortion ¢ are a measure of gravitational

lensing effects of intervening matter, and they are equivalent in the weak lensing regime. In observations, the center of

the galaxy and its ellipticity moment are measured by using some weight function W[I,,(7)] of the observed intensity as

P [ d®h i Wil _ [ @7 (A= 0)i(R — o) ; WA
T [a2aWlal [ d%n W(n] ’

where the simplest weight function is just the observed intensity W = I[n]. Given the ellipticity moment, we can define
the ellipticity vector and the position angle as

€:= (Mrf — My 2May 2May

Note that the ellipticity vector is headless, such that it is identical under 180 degree rotation, or spin 2. Since only the
ellipticity vector matters, the ellipticity moments M are often defined without the denominator.

) = (€4,€x) = €(cos 20, sin20) , tan 20 = (6.67)

6.3.2 Lensing Polarization

The ellipticity moments of the source galaxies would be what we measure in the absence of gravitational lensing. However,
the gravitational lensing changes the observed ellipticity moments. Now, for simplicity, we will ignore rotation (w = 0)
and express the distortion matrix in our coordinate:

D:H—(ﬂ 0)—(’“ 72 ) (6.68)
0 & T2 N
and the magnification matrix is then the inverse of the distortion matrix:
_ 1 l1—rk+m Y2 -1 1
M;; =D '= — =M =D"=——=. 6.69
N Y UDI( 72 l—k-m )’ pe= Ml =P (1—k)2 =172 (0.69)

Further, assuming the surface brightness conservation due to gravitational lensing (i.e., no frequency change), the observed
ellipticity moments are related to those in the source rest-frame as

M = / d*n i Wn) = / |M|d?3 M8, M5 W8] ~ p MM M5, (6.70)

where we assumed 7, = 0 and the source size is small that the magnification matrix is constant over the area. Using the
definition of the source ellipticity moments

1+ € 1—¢ €
1= 2+M7 52 = 2+M7 T2:§M7 M = M +Msy,

6.71)
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the observed ellipticity can be derived in terms of the magnification matrix as

(1 + € )MZ; + 265 Mia(Mig — Myp) — 263 M, — (1 — €5)M3,

I
€, = , 6.72
+ (1+ €)M3 + 265 Mo (My1 + Mag) + 25 M3, + (1 — €5 )M3, 6.72)
J 2M [e5 M2 + (1 — €5)Mao] 4+ 2Myq [(1 + €)My + €5, Mao| 6.73)
x (1+ €)M3 + 265 Mo (My 4+ M) + 2M3, + (1 — €5 )M3, ’

where the relation is exact. In terms of the lensing convergence and shear,* we derive

g _ =R’ 4R - 8] + 26y + 2n(1 k) (6.74)
+ 25 (L= k) +26572(1 —8) + (L= 8)2+ 97 +73 |

€5 [(1—K)> =7 + 73] + 2651172 + 272(1 — k)

I
= : (6.75)
X 26571 (1 — k) + 26572(1 — k) + (1 — k)2 + 43 + 3
For circular sources, where M§; = M3, # 0, and M9 = 0 (or €5 = €5 = 0), the observed ellipticity becomes
2nd -+ 2v2(1 — &
= o = ey % (6.76)

(1—r)Z2+¥2+3 (1—r)?Z2+¥2 4+

where we expanded to the linear order in the last step. Assuming there is no ellipticity correlation of the source galaxies

(60} = (ex) = fesen) = 3 () {sindg) =0, 677)
() = (&) = (&) (co29) = 5 () | (678)
the observed ellipticity correlation becomes
1
£ (0) = (€4 (0)e1(0)) = &5(0) <1 R 403> =&, (6.79)

to be compared to the typical ellipticity
oe=(e?~03. (6.80)

e modified gravity, no galaxy bias

4With rotation, the magnification matrix is not symmetric, Mo # Mo;.
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7 CMB Temperature Anisotropies

In this chapter, we will perform very simple calculations to gain intuitive understanding of the observed CMB anisotropies.
We adopt the conformal Newtonian gauge and ignore the vector and tensor perturbation:

a_>aX7 <)0_>80X7 ﬁ:fY:XEO7 U_>UX7 VOC:_UX}Q+U&U)_>_UX,Q‘
1.1)

7.1 Basics

In the early Universe, the radiation dominates the overall energy density, and due to high pressure the fluctuations cannot
grow within the horizon. In particular, the tight-coupling between the baryons and the photons leads to a single fluid, or the
baryon-photon fluid, oscillating with a unique sound speed. As a fluid, the density (monopole) and the velocity (dipole)
characterize the fluid, and the higher multipoles are negligible. The monopole and the dipole are oscillating in units of
the sound speed of the fluid, and the first harmonics (or the first acoustic peak) is the fundamental mode that matches
the distance the fluid can travel at the sound speed for the age of the universe at the time of the recombination. Once the
baryons recombine at later time, the photons are released and free-stream to the observer today. This free-streaming of the
monopole and the dipole generates the temperature anisotropies we measure today, and they show the acoustic oscillations
of the baryon-photon fluid at the recombination epoch.

7.2 Collisionless Boltzmann Equation for Photons

To describe the angular multipoles of the observed anisotropies, we need a phase space information beyond the fluid
approximation. Its evolution is described by the Boltzmann equation.

7.2.1 Geodesic Equation

For simplicity, we consider fictitious observers, who are at rest in a given coordinate:

e = = (1=, 0) | el =210, 8 (-] | (.2

where we ignored the rotation of tetrad vectors against FRW coordinates. These observers will measure the energy and
momentum of the CMB photons in their rest frame. The physical momentum is written in capital letters in their internal
coordinates as

P*=(E,PY), E=—p'led,, Pt = phel E?=m?+ P?, (7.3)

J7

where p* is the photon four-momentum in a FRW coordinate. Using the tetrad expression, we derive the physical mo-
mentum in FRW coordinates

1-— E 1
pl = dze)l ; p* = —[PY — o, P, (7.4)
a a
and the covariant momentum is
pp=—a(l+oay)E, Pa = aPa(1+ ¢y) . (7.5)

In the background universe, the geodesic equation yields
0=p"p"y =p"p" +Th,p’p7 = 0=p"p" +Hp"p" + Hp*pa , 0= p"p® + 2Hp"p* (7.6)

and the last equation says
p* X —= P x — | (7.7)
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the physical momentum for both massless and massive particles in the background universe redshift as 1/a. In the
presence of perturbations, these relations change, so it is convenient to define the “comoving momentum ¢” and “comoving
energy € that remain unchanged in the background universe

q:=aP, e:=aF =+/q¢?+a*m?, ¢ = qn’. (7.8)

In terms of the comoving quantities, the momentum in FRW coordinates is now

1 1
d=aye P == (" — oxq®) - (7.9)

n_
p =
a? a

To compute the change in the comoving momentum as the particle propagates, we need to solve the geodesic equation in
an inhomogeneous universe:

dg ¢
d77;1 =—coy, — O\ o — — <‘Px,750¢/5’ - ¢X7a557) , (7.10)

where we use the background geodesic equation (valid for massive & massless)

d o ¢ 0 L, a*Hm?

—— 4L 7 g = 7.11
a1 o0 ¢ 01 orm # 0, g P (7.11)
d 0 « 0 d B d d L0 qd
"o e oy =0 & =70y T e = 2y 12

For the linear-order evolution, the propagation direction is simply the straight path in the background universe, and only

the comoving momentum changes as
dlng € ,
an = —50%“ — ¥y - (7.13)
Indeed, the comoving momentum is constant in the background. For massless particles (m = 0), the comoving momentum

is the comoving energy (¢ = €), which further simplifies the propagation equation as

d
d—n (Ing + ay) = (o — gpx)/ , (7.14)

and the whole quantity in the bracket is affected by the structure growth along the path. Note that the gravitational
potential o, becomes more negative as the structure grows in time.

7.2.2 Collisionless Boltzmann Equation

The Liouville theorem in GR states that the phase-space volume dV/, is conserved along the path parametrized by A with

momentum p#. The total number particles in terms of the phase-space density F' is

F F F F
= A(dN) = <§3}A$“ + S—Ap > av, = ( 88 m Fgapppggp > AN AV, , (7.15)

it translates into the relativistic collisionless Boltzmann equation:

OF _OF OF L OF
0= pu@x“ Fga'p p 8 W or 0= pﬂw + anppp aiplu ) (716)

where we used the geodesic equation

d d
0= 30"+ 1ep"p” = p"p" o + T 1"p” 0= —xPu— Thopop” - (7.17)

Despite the presence of the Christoffel symbol, the equation is indeed invariant under diffeomorphisms. We further need
to impose the on-shell condition in the collisionless Boltzmann equation.

72



AST513 Theoretical Cosmology JATYUL YOO

The Boltzmann equation is further simplified, when we switch the variables (1, 2%, p*) to (n, 2%, ¢*), where the on-
shell condition removes one component of the physical momentum:

OF _ ,OF  dq' OF

0,0

0=pr " _pm _ o8 deor
P g e PP 5 TP G TN g

(7.18)

where the partial derivatives fix (z#, ¢'), instead of (z*,p"). Splitting the distribution function F into the background f
and the perturbation f, the Boltzmann equation in the background is obtained as

F=f+f, 0=, =1, (7.19)

i.e., the phase-space distribution is constant in time and space, but only a function of the comoving momentum. The
linear-order perturbation equation can be derived as

_ _ dg'n; df of , df a’nidg' L, 4
0=3"f 1 5> bt B — g | f @ = == 7.20
P AP dA q dlng p <f o ox™ + dlng ¢? dA )’ p a? (7.20)
Noting that the last term is ‘
a2gi@:ajdlnq:dlnq’ (7.21)
q? dA qg dA dn
the collisionless Boltzmann equation can be simplified at the linear order in perturbations as
df df dlng d df df /
dn * dlng dn dn dlnqax dlng (o =) (7.22)

7.2.3 Massless Particles

Here we consider photons and neutrinos, though neutrinos are massive, massless neutrinos are in most cases a good
approximation, with which equations are greatly simplified. We define the temperature anisotropies ©

_ 0T _1op

_ 5T
=aT*=aT* (1 +4— 2 h) = ) 2
p=a a <—|— T)“‘O()v O(n) 71 (7.23)

Assuming that the massless particles are in thermal equilibrium, the phase-space distribution function is

P = | () 1 - = (orean) ) i), 729

where the background distribution function depends only on q:

-1
_ q = 1
= — ] -1 T —-. 7.25
fa) [exp (aT(n)> ] ; (1) o< = (7.25)
Expanding in perturbations,
. = o/aT . dln f dln f = /el 4
Fefligfer T Lol=fF(1- = _fet/aT L 7.2
Flit e aT 9} / dlnq@ ’ dlngq fe al’ (7.26)
we derive 7 7 a0
d d df d
. - o = - 7.27
- J@) dIngq (@) dnf dlng dn’ (7.27)
and the Boltzmann equation for photons is finally
d /
— (O +ay) = (ay —py) - (7.28)

dn
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7.3 Observed CMB Power Spectrum

7.3.1 Convention for Multipole Decomposition

Now we introduce the angular decomposition of the perturbation variables in the Boltzmann equation. Eventually, we
are interested in the angular power spectrum of the observed CMB anisotropies, but to this goal, we first decompose the
Boltzmann equation and evolve each multipole component. Schematically, consider a perturbation variable P(z*, q')
along the photon (background) path x = —7n!, which is related to the photon momentum ¢° = ¢n’ (n' is the photon
propagation direction, not the observed direction). It can be Fourier transformed,

Br . .
P(z",q,n) = / n e** p(k,n,q,n) , pre— (7.29)

and its Fourier component can be angular decomposed as

. Ny | Am . 120 +1 . .
P(kﬂ?; q, n) = Z(_Z)l 2l I 1le( 777‘])}/lm(n) ) le 471' /d2 n 777Q7n) .

Im
(7.30)
Naturally, P, are helicity eigenstates, such that under a rotation ¢ — ¢ — ® in a coordinate (k/ z) they transform as

Py = Pipe™?® . (7.31)

Since we deal with only scalar, vector, tensor types of perturbations, the helicity eigenstates are limited to |m| < 2 in such
coordinate. At the end, we will set x = 0 to derive the observed CMB anisotropies.

In literature, there exists a different convention (up to 2/ + 1 factor) for decomposition in terms of the Legendre
polynomial L;(x),

P(k,n,q,7) =: Y (i)' Pi(k,n,q) Li(i- k) = > (i)' Pi(k, 7, q) Z 2l - S Ym ()Y (). (7.32)
l l

Consider that Fourier modes are assumed to be aligned as k// z, where the spherical harmonics is

/20 +1

So we derive the correspondence to our decomposition convention:

. . 4 R
P, ,q,7) = D (=)' Pk 0, 0) dmoy | 57 Yim () s Pi= Py, (7.34)

l
and the decomposition with the Legendre polynomial in Eq. (7.32) is valid only for the scalar modes.

e Notation convention in literature.— A common notation convention: Seljak and Zaldarriaga (1996); Zaldarriaga and
Seljak (1997); Dodelson (2003)

P(k-n) =Y (=) 2+ )P Ly(a- k), @RI+ 1D)B =P =Py. (7.35)
l

7.3.2 Free Streaming: Line-of-Sight Integration

Here we derive a formal integral solution by performing the line-of-sight integration by using the Boltzmann equa-
tion (7.28) and accounting for collisions. Before the recombination, the CMB photons interact with free electrons, and
free electrons are tightly coupled with protons, such that they form a baryon-photon fluid. The scattering process at this
low energy is described by the Thompson scattering with cross-section o, which has quadrapolar dependence on the
angular distribution and generates polarization. Here we ignore this subtlety and use the simplified collisional process:

d / /
dn (©+ay) = (ay = ¢x) + 7 [0 = 6] , (7.36)
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where ©¢ = 0, /4 is the monopole and the optical depth for photons is

1o
T(n) = / dn aneor 7= —aneor . (7.37)
n

When the optical depth is large, the photon distribution © converges to the monopole (and the dipole) without any other
higher moments, i.e., the baryon-photon fluid. Once the collisional process becomes inefficient, the photon distribution
develops higher-order moments.

We want to derive an analytical solution for the temperature anisotropy ©. Collecting ©-terms and noting that the
derivative along the path in Fourier space becomes

CZ@(M) _HO(") = O/ (2 + (Y — 7)O () (7.38)

—  O'(k,n) + (ikpy — 7O (k,n) = e—z‘kumw(n)dcf? [@ eikukn—f(n)} ’

the Boltzmann equation can be re-arranged and integrated to yield the line-of-sight integral solution in Fourier space

70 .
O(k,n) = — /0 dn e~ 1k (0=m) g =7 () [z’k,ukax + (), + 7'00) ] (k) , (7.39)

where we used 7(7;) = oo, 7(n9) = 0, and ©(k, ;) at the initial time 7; = 0 was neglected due to 7(n;). While dn is the
line-of-sight integration, the position dependence in Fourier space is taken out with ¢?** and the integrand is independent
of position.

By replacing the angular dependence i, with the derivative, the solution can be further simplified as

0 ., d — _ ) d
0= —/0 dne |:((,0;( +7'60) + axdn} e~ tkmn(mo=m) ik — an (7.40)

Expanding the exponential term and performing the multipole decomposition in Eq. (7.30) on both sides, we derive

@l 70

0 d
_ -7 / / a. _
T /0 dne [(@X +7 @0) —I—ozxdn]jl(:c) /0

where x := k(no — 1) and we integrated by part for the second term in the square bracket. By defining the visibility
function

d
dn [6_7— (c,og< + T'@o) ~ (e_ToaX) gi(x), (7.41)

g(n) == —71'e’", (7.42)
the integral solution can be rearranged as
O, 70 . 1.
TR - i dn |9 (O + ay) +e " (o — o)) |di(z), (7.43)

Since the visibility is close to a sharp Dirac delta function at the recombination time

g(n) =" (m—mn.), (7.44)

the temperature anisotropies are
Sl
20+1
where we ignored the time evolution of the potential term with the exponential damping. Evident from the equation, we in
fact consider only m = 0 scalar fluctuations. The observed temperature anisotropies are essentially the “monopole” (and
the “dipole” we ignored here) of the baryon-photon fluid at the recombination epoch 7, free-streaming to the observer
after the recombination and generating all angular multipoles.

~ (O0 + ay), ailk(no —n4)] , (7.45)
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7.3.3 CMB Angular Power Spectrum on Large Scales

Finally, we need to connect our theoretical predictions to the observation. The observed CMB temperature can be har-
monically decomposed as

O(h) =t > aymYim(n) Qm = / d*n Yp, (R)O(7) (7.46)
im
and the observed CMB power spectrum can be obtained as

1 2
Ci=g 1 ; lagm|? (7.47)

We can derive a simple approximation to the observed power spectrum on large scales. At kn < 1, the Boltzmann
equation yields

3
0=0q+¢,, o OG0k, m) = —oy(k,n) + C(k) = —py(k,n) + §s0x(k, i) (7.48)

where the integral constant is fixed by the initial condition (we did not discuss here). The comoving-gauge curvature
perturbation is conserved on large scales all the time, while the conformal Newtonian gauge curvature transitions its value
from RDE to MDE. Using Eq. (4.156), we derive

Py = mgox = ;Px(m) = ;px(m) , Sooox(m) = %wx(m) , Oo(n) = %w(m) . (749
The same calculation can be done for the matter density on large scales:
, , 9 1 1
0="0"+3¢\, . 00m) = =3ex(n) + Sox(m) = 2ox(ne) . (O +ay), = —gox(ne) = —¢o(n.) . (7.50)
The CMBtemperature anisotropies are then
O, . 1 .
a1~ (G0t an) gilk(no = n)l = =g ex(n) (ko) s < N (7.51)
and the angular power spectrum is
PV ~ [W} 2471’/6“11]{? 32 (kng) o _ 1(1+1)CPW = constant (7.52)
3 2010+1)° ’
where the potential is constant on large scales and we used a mathematical identity
o0
/O % ji (k) = 2;(11+1> : (7.53)

From ©, there exists a factor (2] + 1)2, one of which is removed from the average in C; and the other of which is removed
by the rotation of wave vectors. Implicitly our calculations were done in a coordinate (k//z) given n. This coordinate
system needs to be rotated back to the original, and this rotation matrix gives (2/ 4 1) factor in the power spectrum.

This constant angular power spectrum on large scales is called the Sachs-Wolfe plateau. At the recombination, the
overdense region with § > 0 corresponds to the hotter spot ©g > 0, but the observed temperature today is colder due to
the energy loss by the gravitational redshift from the overdense region. Furthermore, given the level that the temperature
anisotropies are ~ 107>, the density growth from the recombination epoch z ~ 1100 will lead only to § ~ 1072, unless
it is further boosted by the nonlinear growth of dark matter prior to the recombination epoch.
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