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1 Spherical Collapse Model in Cosmology
1.1 Spherical Collapse Model
A simple spherical collapse model was developed long time ago to serve as a toy model for dark matter halo formation (see Peebles
(1980) for details). The idea is that a slightly overdense region in a flat universe evolves as if the region were a closed universe,
such that it expands almost together with the background universe but eventually turns around and collapses. The overdense region
described by the closed universe would collapse to a singularity, but in reality it virializes and stops contracting. By using the
analytical solutions for the two universes, we can readily derive many useful relations about the evolution of such overdense regions.

Einstein-de Sitter Universe

A flat homogeneous universe dominated by pressureless matter is called the Einstein-de Sitter Universe:

H2 =
8⇡G

3
⇢m , ⇢m / 1

a3
. (1.1)

This simple model is indeed a good approximation to the late Universe, before dark energy starts to dominate the energy budget. The
evolution equations are

a =

✓
t

t0

◆2/3

=

✓
⌘

⌘0

◆2

,
t

t0
=

✓
⌘

⌘0

◆3

, ⌘0 = 3t0 , (1.2)

H =
2

3t
, H =

2

⌘
, ⇢m =

1

6⇡Gt2
, r = ⌘0 � ⌘ =

2

H0

✓
1� 1p

1 + z

◆
, (1.3)

where the reference point t0 satisfies a(t0) = 1, but it can be any time t0 2 (0,1). At a given epoch t0, one can define a mass scale

M :=
4⇡

3
⇢0 =

H2
0

2G
=

2

9Gt20
, H0 =

2

3t0
, (1.4)

Closed Homogeneous Universe

An analytic solution can be derived for a closed universe with again pressureless matter. The evolution equations for a closed universe
are

ã

ãt
=

1� cos ✓

2
, t =

tt
⇡
(✓ � sin ✓) =

ã2
t
(✓ � sin ✓)

2
p
K

, d⌘̃ =
ãtp
K

d✓ , (1.5)

H̃2 =
8⇡G

3
⇢̃m � K

ã2
=

K

ã2

✓
ãt
ã

� 1

◆
, (1.6)

where we used tilde to distinguish quantities in the closed universe from the flat universe and the maximum expansion (or turn-around
ãt) is reached at ✓ = ⇡ (H̃t = 0). The density parameters are related to the curvature K of the universe as

⌦m � 1 = �⌦k = � K

ã2H̃2
0

, K =
8⇡G

3

⇢0
ãt

=
H2

0

ãt
=

2GM

ãt
=

⇡2ã2
t

4t2
t

,
16

9

✓
tt
⇡t0

◆2

= ã3
t
. (1.7)

Spherical Collapse Model

Matching the density equal at some early time, say t0 (i.e., �0 = 0), the time evolution of the overdense region can be derived in a
non-perturbative way as

1 + � =
⇢̃m
⇢m

=
⇣a
ã

⌘3
=

9

2

(✓ � sin ✓)2

(1� cos ✓)3
, (1.8)

where we used

a3 =

✓
t

t0

◆2

=

✓
tt
⇡t0

◆2

(✓ � sin ✓)2 , ã3 =

✓
ãt
2

◆3

(1� cos ✓)3 =
2

9

✓
tt
⇡t0

◆2

(1� cos ✓)3 . (1.9)



AST802 Advanced Theoretical Cosmology JAIYUL YOO

The density contrast vanishes at ✓ ! 0, which implies that ⇢m = ⇢̃m only at ✓ ! 0. Therefore, the density contrast �t at its maximum
expansion

1 + �t =
9⇡2

16
' 5.6 , (1.10)

is about a few, while the density contrast �v at its virialization

1 + �v = 18⇡2 ' 177.7 , (1.11)

is a few hundreds, under the assumption that the overdensity region virialized at the half of its maximum expansion. Note that the
universe further expands and the background density is reduced by factor 4, until it collapses at tv = 2tt (or ✓ = 2⇡).

Finally, expanding the expressions to the linear order

a =
1

361/3

✓
tt
⇡t0

◆2/3

✓2 + · · · , � =
3

20
✓2 + · · · , (1.12)

and evaluating the linear order expressions at ✓i for ai and �i, we first compute

�i
ai

=
3

20
361/3

✓
tt
⇡t0

◆�1/3

+ · · · , (1.13)

and the density contrast linearly extrapolated to late time and its value at virialization are then derived as

�L =
D

Di

�i =
a

ai
�i =

3

10

✓
9

2

◆1/3

(✓ � sin ✓)2/3 , D / a . (1.14)

This equation implies that at the time of collapse the density contrast �L is

�v ' 1.686 . (1.15)

For |�| ⌧ 1, we derive the relation

� = �L +
17

21
�2
L
+

341

567
�3
L
+

55805

130977
�4
L
+ · · · , �L = � � 17

21
�2 +

2815

3969
�3 � 590725

916839
�4 + · · · . (1.16)

Biased Tracer

For any biased tracer �X , the Eulerian and the Lagrangian bias parameters can be written in a series

�X =
1X

n=1

bn
n!

�n , �L
X

=
1X

n=1

bL
n

n!
�n
L
, (1.17)

where the superscript L represents quantities in the Lagrangian space. Mind that the density contrast � for the Eulerian is nonlinear
and �L for the Lagrangian is linear. If the number density of the objects X is conserved

⇢m d3x = ⇢̄m d3q , ⇢X d3x = ⇢L
X

d3q , ) 1 + �X = (1 + �m)(1 + �L
X
) , (1.18)

the bias parameters are related as

b1 = bL1 + 1 , b2 = bL2 +
8

21
bL1 , b3 = bL3 � 13

7
bL2 � 796

1323
bL1 , b4 = bL4 � 40

7
bL3 +

7220

1323
bL2 +

476320

305613
bL1 . (1.19)

This simple relation owes to the fact that the spherical collapse model is local in both Eulerian and Lagrangian spaces.

1.2 Dark Matter Halo Mass Function
1.2.1 Basic Idea
Given the simple spherical collapse model, we would like to associate the collapsed region with some virialized objects like dark
matter halos.

2
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1.2.2 Halo Mass Function
Given the simple spherical collapse model, we would like to associate the collapsed region with some virialized objects like massive
galaxy clusters or dark matter halos. Of our main interest is then the number density of such objects in a mass range M ⇠ M + dM ,
and this is called the mass function. However, note that the spherical collapse model does not specify the mass of the collapsed object
or the time of collapse.

A simple model called, the excursion set approach, was developed: One starts with a smoothing scale R and associates it with
mass M . The density fluctuation �R after smoothing with R is very small (�R = 0, if R = 1), and this region has never reached the
critical density threshold �c in its entire history. This implies that there is no virialized object associated with such mass. One then
decreases the smoothing scale (or mass), and looks for the collapsed probability: Some overdense regions have at some point in the
past reached the critical density, while some underdense regions have not. Therefore, the total fraction Fc of collapse can be obtained
by using the survival probability Ps, and it is related to the mass function as

Fc(� M) = 1�
Z

�c

�1
d� Ps =

Z 1

M

dM
dn

dM

M

⇢̄m
, ) dn

dM
=

⇢̄m
M

✓
�@Fc

@M

◆
=:

⇢̄m
M

f(⌫)
d ln ⌫

dM
, (1.20)

where it is assumed that the mass function only depends on mass and we defined the multiplicity function f through the relation

⌫ :=
�c(z)

�(M)
,

Z 1

0

d⌫

⌫
f = 1 . (1.21)

The task of obtaining the mass function boils down to computing the survival probability and expressing it in terms of the
multiplicity function. The way to find the survival probability at a given mass scale M is to derive the evolution of the density
fluctuation as we decrease the smoothing scale R. The reason is that the region may have already collapsed at a larger mass scale
or smoothing scale, and this contribution should be removed in computing the survival probability at a lower mass scale. In a given
time, the survival probability at n-th step depends on the entire history of the trajectory (non-Markovian process) as

Ps(�n,�n)d�n = d�n

Z
�c

�1
d�n�1 · · ·

Z
�c

�1
d�1 Ps(�1, · · · �n,�1, · · · ,�n) , Mn(�n) < · · · < M1(�1) , (1.22)

it is notoriously difficult to solve, even numerically. However, once we assume that the fluctuations are independent at each smoothing
and are Gaussian distributed (true only in Fourier space at linear order), the trajectory only depends on the previous step (Markovian
process) and the survival probability becomes

Ps(�n,�n) =

Z
�c

�1
d�n�1Pt(�n,�n|�n�1,�n�1) Ps(�n�1,�n�1) , (1.23)

where the transition probability Pt is nothing but a conditional probability for a Gaussian. With the boundary condition Ps = 0 at
� = �c, the solution is (derived by Chandrasekhar for other purposes)

Ps =
1p
2⇡�

exp

✓
� �2

2�2

◆
� 1p

2⇡�
exp


� (2�c � �)2

2�2

�
for �  �c . (1.24)

Note that Ps becomes Gaussian with �c ! 1. The survival probability for its simplest case is described by a Gaussian distribution,
but the second term reflects that there exist equally likely trajectories around the threshold that have reached the threshold in the past.
The collapsed fraction is

Fc = 1� 1

2
erf

✓
⌫p
2

◆
� 1

2
erf

✓
⌫p
2

◆
= erfc

✓
⌫cp
2

◆
, (1.25)

and the multiplicity function is

f(⌫) =

r
2

⇡
⌫ e�⌫

2
/2 , (1.26)

where the second erfc was missed in PS, resulting in a factor 2 difference in the multiplicity function. This part was resolved by
BCEK in terms of cloud-in-cloud.

Of course, this model relies on many approximations, and it is not accurate. However, it provides physical intuitions, connecting
the complicated formation of galaxy clusters and the dynamical evolution of the matter density fluctuations. In general, numerical
N -body simulations are run, and dark matter halos are identified by using some algorithm such as the friends-of-friends method or
its variants to derive the mass function from the simulations.
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1.2.3 Halo Mass Functions in Literature
In general, numerical N -body simulations are run, and dark matter halos are identified by using some algorithm such as the friends-
of-friends method or its variants. These halo mass functions differ from the simple analytic formula we derived for the Gaussian
random field. However, the functional form is relatively resilient, such that an introduction of a few nuisance parameters to the mass
function can provide a good fit to the simulation results. A lot of variants exist in literature, but the standard and simplest cases are
one by Sheth and Tormen (1999)

fST = A

r
2a

⇡


1 +

✓
�2

a�2
c

◆p�
�c
�

exp

✓
� a�2

c

2�2

◆
, A = 0.3222 , a = 0.707 , p = 0.3 , (1.27)

and one by Jenkins et al. (2001)
fVirgo = 0.315 exp

⇣
�
��ln��1 + 0.61

��3.8
⌘

. (1.28)

They all have a limited range of validity.

1.2.4 Astrophysical Applications
halo merger trees, semi-analytic models for galaxy formation, void distributions, and so on.

1.3 From Probability Functional to Correlation Function
Assuming that the density probability functional is known, we derive the one-point statistics and its spatial correlation function. Those
for the cumulative distributions are also derived. In this case, we focus on one population of halos or samples, rather than multiple
populations considered in the mass function approach.

1.3.1 Density Probability Functional
With a probability functional of some field, one can trivially obtain a PDF at a given position, which is then related to a generating
function by a Fourier transformation. The generating function indeed generates N -point correlation functions. They contain the same
information, but in different format.

One-Point Statistics

Given a probability functional P [�(x)] defined in all space x, a one-point pdf (i.e., the probability to have �1 at a given point x1) is

P (�1) =

Z
d�(x) P [�(x)] �D[�(x1)� �1] =

Z
d�(x) P [�(x)]

Z
dJ1
2⇡

eiJ1(�(x1)��1) ⌘
Z

dJ1
2⇡

e�iJ1�1Z(J1) , (1.29)

where the pdf is the Fourier counterpart of the generating function

Z(J1) :=

Z
d�(x) P [�(x)] eiJ1�(x1) =

D
eiJ1�(x1)

E
=

1X

n=0

(iJ1)n

n!
h�n(x1)i ⌘ e! , (1.30)

and the cumulant generating function is

!(J1) := lnZ =
1X

n=0

(iJ1)n

n!
h�n(x1)ic . (1.31)

Note the difference in the ensemble average in Z and !, and we used the cumulant expansion theorem

⌦
eiX

↵
=

1X

n=0

in

n!
hXni = exp

⇥⌦
eiX

↵
c

⇤
= exp

" 1X

n=1

in

n!
hXni

c

#
, (1.32)

⌦
ei�

↵
= e��

2
/2 = 1� 1

2
�2 +

1

2!

✓
�4

4

◆
� 1

3!

✓
�6

8

◆
· · · = 1� 1

2

⌦
�2
↵
+

1

4!

⌦
�4
↵
� 1

6!

⌦
�6
↵
+ · · · , (1.33)

where we used the standard formula for the Gaussian distribution

!G = �1

2
J2�2 , PG(�1) =

Z
dJ1
2⇡

e�iJ1�1� 1
2J

2
1�

2

=
1p
2⇡ �

e��
2
1/2�

2

. (1.34)
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To incorporate a smoothed density field �R(x1), we just need to replace

iJ1�(x1) ! iJ1�R(x1) = iJ1

Z
d3y1 �(y1)WR(x1 � y1) . (1.35)

N -Point Statistics

Similarly, the one-point calculations can be extended to a two-point pdf of �1 at x1 and �2 at x2

P (�1, �2) =

Z
d�(x) P [�(x)] �D[�(x1)� �1] �

D[�(x2)� �2] =

Z
dJ1
2⇡

e�iJ1�1

Z
dJ2
2⇡

e�iJ2�1Z(J1, J2) , (1.36)

where the two-point generating function is
Z =

D
eiJ1�(x1)+iJ2�(x2)

E
. (1.37)

By the same token, we generalize to 1-point pdf and derive

P [�(x)] =
1Y

i=1

Z
dJi
2⇡

eiJi�iZ , Z =

Z
d�(x) P [�(x)] e

P1
i

iJi�(xi) =
D
e
R
d
3x iJ(x)�(x)

E
= e! , (1.38)

! =
D
e
R
d
3x iJ(x)�(x)

E

c

, (1.39)

and from the generating function we “generate” cumulants

h�(x1) · · · �(xn)ic =: ⇠(n)
c

(x1, · · · ,xn) =
1

in
�n lnZ

�J(x1) · · · �J(xn)

����
J=0

. (1.40)

Further Generalization

In fact, this can be further generalized by considering not only the density field �(x), but also other fields Aµ(x) with µ = 1, · · · , N
such as the velocity field ⌘i(x) = @i�(x), the tidal gravitational field ⇣ij(x) = @ij�(x), and so on. For example, the peak model PDF
requires N = 10 (1 for �, 3 for ⌘i, 6 for ⇣ij) all at the same spatial point (such that N ⇥M -number of fields for M different spatial
points). Another example is N = 1 for the density field. In general, the generating function can be re-constructed for N -number of
Aµ by using the cumulants as (here, N is the total number including different quantities and spatial points)

M (n)
µ1,··· ,µn

:= hAµ1 · · ·Aµn
i
c
=

1

in
�n lnZ

�Jµ1 · · · �Jµn

����
J=0

, (1.41)

lnZ[J] =
1X

n=1

in

n!

NX

µ1=1

· · ·
NX

µn=1

M (n)
µ1,··· ,µn

Jµ1 · · · Jµn
, Z = e�J·MT ·J exp

" 1X

n=3

in

n!

NX

µ1,··· ,µn

M (n)
µ1,··· ,µn

Jµ1 · · · Jµn

#
,

where we isolated the Gaussian part in the generating function. Finally, using the trick Jµ ! i@/@Aµ we can express the one-point
pdf with N -Aµ in terms of Gaussian PDF as

P (A) =
NY

i=1

Z 1

�1

dJi
(2⇡)

�
e�iJ·A Z(J) = exp

" 1X

n=3

(�1)n

n!

NX

µ1,··· ,µn

M (n)
µ1,··· ,µn

@n

@Aµ1 · · · @Aµn

#
NY

i=1

Z 1

�1

dJi
(2⇡)

�
e�J·MT ·J�iJ·A

= exp

" 1X

n=3

(�1)n

n!

NX

µ1,··· ,µn

M (n)
µ1,··· ,µn

@n

@Aµ1 · · · @Aµn

#
PG(A) . (1.42)

Another useful generalization for a one-point PDF is that two probability distribution functions and their generating functions are
related to each other as

Pa(�) = exp

" 1X

n=1

a

n
� b

n

n!

✓
� d

d�

◆n
#
Pb(�) , Za(J) = exp

" 1X

n=1

a

n
� b

n

n!
(iJ)n

#
Zb(J) , (1.43)

where the cumulant is n = h�ni
c
.
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Two-Point Correlation

Now we consider a probability at a given position or two positions, in which the density fluctuation is above some threshold. The
cumulative N -point probability distributions are from Eq. (1.42)

P1(> ⌫) =
1p
2⇡

Z 1

⌫

dy exp

" 1X

N=3

(�1)N
⌦
�N

↵
c

�NN !

dN

dyN

#
e�y

2
/2 , (1.44)

P2(> ⌫, r) =
1

2⇡

Z 1

⌫

dy1

Z 1

⌫

dy2 exp

" 1X

N=2

NX

m=0

(�1)N
w(N,m)

s (r)

m!(N �m)!

@N

@ym1 @yN�m

2

#
e�

1
2 (y

2
1+y

2
2) ,

where the N -point matter correlation functions are

w(N,m)
s

(r) :=

8
><

>:

w(2,m)
s = ⇠(2,m)

s (r)/�2
0s (m = 1)

w(2,m)
s = 0 (m = 0 or 2)

w(N,m)
s = ⇠(N,m)

s (r)/�N

0s (N > 2)

, ⇠(N,m)
s

(r) :=
D
�s(x1) · · · �s(x1)| {z }

m times

�s(x2) · · · �s(x2)| {z }
N�m times

E

c

.

(1.45)
Again, keeping only the linear order term in Eq. (1.44), i.e., exp[· · · ] = 1 + · · · , we have

P1(> ⌫) ⇡ 1

2
erfc

✓
⌫p
2

◆
+

1X

N=3

1p
2⇡

w(N,0)
s

N !
HN�1(⌫) e

�⌫
2
/2 , (1.46)

P2(> ⌫, r) ⇡

1

2
erfc

✓
⌫p
2

◆�2
+

r
1

2⇡
erfc

✓
⌫p
2

◆ 1X

N=3

w(N,0)
s

N !
HN�1(⌫)e

�⌫
2
/2

+
1

2⇡

1X

N=2

N�1X

m=1

w(N,m)
s

m!(N �m)!
Hm�1(⌫)HN�m�1(⌫)e

�⌫
2

,

where Hm(x) is the Hermite polynomials. Note that for P2, there exists a non-vanishing term with N = 2, otherwise it would simply
describe two independent PDF.

1.3.2 Mildly Non-Gaussian Halo Mass Function
Given the non-Gaussian PDF, the non-Gaussian mass function can be derived as

dn

dM
= �2

⇢̄m
M

dP (> ⌫R)

dM
(1.47)

= 2
⇢̄m
M

d⌫

dM

1p
2⇡

exp

" 1X

n=3

Sn�n

n!�2

✓
� d

d⌫

◆n
#
e�⌫

2
/2 � 2

⇢̄m
M

Z 1

⌫

dx
1p
2⇡

d

dM

(
exp

" 1X

n=3

Sn�n

n!�2

✓
� d

dx

◆n
#
e�x

2
/2

)
,

where the reduced cumulant is Sn = n/
n�1
2 , i.e., n = (Sn�n/�2)�n. Note the reduced cumulant follows the convention in

literature, but it is dimensionful. One needs to solve the above equation for the non-Gaussian mass function. Various non-Gaussian
mass functions differ in truncation of the expansion above (see below). For example, Matarrese et al. (2000) truncated at some
cumulant order. LoVerde et al. (2008) truncated by using the Edgeworth expansion. LoVerde and Smith (2011) truncated by using
the log of Edgeworth.

Only keeping the linear order term exp[x] = 1 + x + · · · and using Eq. (1.42), the one-point non-Gaussian PDF is by (often
known as Gram-Chalier A Series)

Pa(�) = exp

" 1X

n=3

n

n!

✓
� d

d�

◆n
#

1p
2⇡�

e��
2
/2�2

=
1p
2⇡�

e��
2
/2�2


1 +

S3�

6
H3 +

S4�2

24
H4 + · · ·

�
. (1.48)

However, since it only accounts for the linear order term in the exponential, this series is not positive-definite (hence Pa is not a
proper PDF) and often diverges.

Following Lucchin & Matarrese (1988) and manipulating the variables,

⌫ :=
�

�
, J :=

z � i⌫

�
, (1.49)
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we derive

� iJ� + !(J) =

✓
�1

2
J2�2 � iJ�

◆
+

✓
! +

1

2
J2�2

◆
= �1

2
z2 � 1

2
⌫2 +

1

�2

1X

n=3

Sn

n!
�n(⌫ + iz)n , (1.50)

and by using the contour integration, we finally derive the one-point PDF, known as the Edgeworth expansion,

P (�) = e�
1
2 ⌫

2
Z 1

�1

dz

2⇡�
exp

"
�1

2
z2 +

1

�2

1X

n=3

Sn

n!
�n(⌫ + iz)n

#
(1.51)

=
e�

1
2 ⌫

2

p
2⇡�


1 +

S3�

6
H3(⌫) + �2

✓
S4

24
H4(⌫) +

S2
3

72
H6(⌫)

◆
+ �3

✓
S5

120
H5(⌫) +

S3S4

144
H7(⌫) +

S3
3

1296
H9(⌫)

◆
+ · · ·

�
,

where the probabilists’ Hermite polynomial is

HL(x) =
1p
2⇡

Z 1

�1
dz e�

1
2 z

2

(x+ iz)L , (1.52)

but one can also derive from Eq. (1.42) by going to higher order terms in the exponential exp[x] = 1 + x+ x2/2 + · · · .

1.3.3 Peak-Background Split and Statistics of Thresholded Region
Here we exclusively focus on the statistics of the density distribution above a given threshold.

One-Point Statistics

When the underlying smoothed density field (Rs) obeys the Gaussian statistics, the probability P1 of exceeding the threshold ⌫ and
the effect of adding a long-wavelength (background) perturbation �l of characteristic wavelength Rl � Rs to the small scale density
field (peak) �s are

P1(> ⌫) =
1p
2⇡

Z 1

⌫

dx e�x
2
/2 =

1

2
erfc

✓
⌫p
2

◆
, P1(> ⌫, �l) = P1

✓
> ⌫ � �l

�s

◆
. (1.53)

We define the peak-background split cumulative bias factors cN as the fractional change of P1 with �l via

cN :=
1

P1(> ⌫)

dN P1(> ⌫, �l)

d �N
l

=

✓
� 1

�s

◆N 1

P1(> ⌫)

dN
⇥
P1(> ⌫)

⇤

d⌫N
=

r
2

⇡


erfc

✓
⌫p
2

◆��1 e�⌫
2
/2

�N
s

HN�1 (⌫) , (1.54)

and in the high peak limit ⌫ ! 1

HN ! ⌫N , cN ⇡ ⌫HN�1(⌫)/�
N

s
⇡ ⌫N/�N

s
. (1.55)

Here, HN is the statistician’s Hermite polynomial defined by

HN (x) := (�1)Nex
2
/2 dN

dxN

⇣
e�x

2
/2
⌘

, Hphys
N

(x) := 2N/2HN

⇣p
2x

⌘
, (1.56)

H0 = 1 , H1 = x , H2 = x2 � 1 , H3 = x3 � 3x , H4 = x4 � 6x2 + 3 . (1.57)

For differential mass function, or halos in a mass bin (vs. cumulative), we derive

n̄h(M) := �2
⇢̄m
M

d

dM
P1 (> ⌫) = 2

⇢̄

M2

⌫e�⌫
2
/2

p
2⇡

����
d ln�s

d lnM

���� , P1(> ⌫) =
1

2⇢̄m

Z 1

M

dM 0M 0n̄h(M
0) . (1.58)

where the factor of 2 is introduced to account for the fact that regions with � < �c may be embedded in regions with � > �c on scale
> Rs (clouds-in-clouds). Using the definition of the cumulative bias, we have

cN =

Z 1

M

dM 0M 0n̄h(M
0)

��1 Z 1

M

dM 0M 0

dN

d�N
l

n̄h(M
0)

�
,


dN

d�N
l

n̄h(M
0)

�
=: bN (M 0)n̄h(M

0) , (1.59)

where the PBS bias is

bN (M) =
1

⌫e�⌫2/2

✓
� 1

�s

◆N dN

d⌫N

⇣
⌫e�⌫

2
/2
⌘
=

1

⌫

HN+1(⌫)

�N

M

. (1.60)

It is only in the high-peak limit (⌫ � 1) that the mass-weighted cumulative bias cN and the bias bN (M) asymptotic to the same
values.
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Two-Point Statistics

For a Gaussian, we have (see Eq. 1.44)

⇠>⌫(r) =
P2(r)

P 2
1

� 1 =
2

⇡


erfc

✓
⌫p
2

◆��2 Z 1

⌫

dy1

Z 1

⌫

dy2 exp


⇠s(r)

�2
s

@2

@y1@y2

�
e�

1
2 (y

2
1+y

2
2) � 1 , (1.61)

and the double integration is

Z 1

⌫

dy1

Z 1

⌫

dy2

1X

N=0

1

N !


⇠s(r)

�2
s

�N ✓
@2

@y1@y2

◆N

e�
1
2 (y

2
1+y

2
2) =

1X

N=0

1

N !


⇠s(r)

�2
s

�N "Z 1

⌫

dy

✓
@

@y

◆N

e�y
2
/2

#2

, (1.62)

where the N = 0 term is simply the erfc function for the Gaussian piece and the integration is
Z 1

⌫

dy

✓
@

@y

◆N

e�y
2
/2 = �

✓
@

@y

◆N�1

e�y
2
/2 = (�1)Ne�y

2
/2HN�1(y) . (1.63)

Therefore, the correlation function is

⇠>⌫(r) =
2

⇡


erfc

✓
⌫p
2

◆��2 1X

N=1

⇥
⇠s(r)

⇤N

N !�2N
s

⇥
HN�1(⌫)

⇤2
e�⌫

2

=
1X

N=1

c2
N

N !

⇥
⇠s(r)

⇤N
= c21⇠s(r) +

1

2
c22⇠

2
s
(r) + · · · . (1.64)

Since the local bias expansion can be written as

�>⌫(x) =
1X

N=1

c̃N
N !

⇥
�s(x)

⇤N
= c̃1�s +

1

2
c̃2�

2
s
+ · · · , (1.65)

we see that the coefficient c̃N is different from the cN appearing in the correlation function: the coefficient c2
N

includes not only c̃2
N

,
but also terms such as c̃N c̃N+2m�2m

s
for all positive integers m � N/2. This clearly shows that the bias parameters cN from the

peak-background split are to be seen as “renormalized” bias parameters, which take all the higher order moments into account.

Non-Gaussian Two-Point Statistics

Similarly, the correlation function in the non-Gaussian case is obtained by using Eq. (1.46) and keeping the linear order only

⇠>⌫(r) =
2

⇡


erfc

✓
⌫p
2

◆��2 1X

N=2

N�1X

m=1

w(N,m)
s

m!(N �m)!
Hm�1(⌫)HN�m�1(⌫)e

�⌫
2

=
1X

N=2

N�1X

m=1

cmcN�m

m!(N �m)!
⇠(N,m)
s

(r) . (1.66)

Now we compute the power spectrum. For simplicity and without loss of generality, we will assume that a single non-Gaussian
N -point function (N � 3) dominates. We then have

⇠>⌫(r) = c21⇠s(r) +
N�1X

m=1

cmcN�m

m!(N �m)!
⇠(N,m)
s

(r) , P>⌫(k) = c21Ps(k) +
N�1X

m=1

cmcN�m

m!(N �m)!
⇠̃(N,m)
s

(k) , (1.67)

where for m = 1 (and m = N � 1) we have

⇠̃(N,1)
s

(k) = Ms(k)
N�2Y

i=1

✓Z
d3ki
(2⇡)3

Ms(ki)

◆
Ms(q) ⇠

(N)
� (k,k1, . . . ,kN�2,q;X) , (1.68)

⇠̃(N,2)
s

(k) =
N�2Y

i=1

✓Z
d3ki
(2⇡)3

Ms(ki)

◆
Ms(|k� k1|)Ms(q) ⇠

(N)
� (k� k1,k1, . . . ,kN�2,q;X) , (1.69)

where q = �k1 � · · · � kN�2 � k, and X is a set of variables characterizing the primordial N -point function such as fNL, gnl
depending on the details of the model of non-Gaussianity. On large scales, ⇠̃(N,m)

s terms (m = 2 · · ·N � 2) all add white-noise
contributions to the power spectrum of thresholded regions, and only the terms with m = 1, N � 1 contribute to the scale-dependent
bias. Therefore, the power spectrum is

P>⌫(k) ' c21Ps(k) + 2
c1cN�1

(N � 1)!
⇠̃(N,1)
s

(k) =


c21 + 2

4

(N � 1)!
c1cN�1�

2
s
M�1

s
(k)F (N)

s
(k,X)

�
Ps(k) , (1.70)

8



AST802 Advanced Theoretical Cosmology JAIYUL YOO

where the shape factor is

F (N)
s

(k,X) ⌘ M�1
s

(k)

4�2
s
P�(k)

⇠̃(N,1)
s

(k) =
1

4�2
s
P�(k)

⇢N�2Y

i=1

Z
d3ki
(2⇡)3

Ms(ki)

�
Ms(q) ⇠

(N)
� (k1, · · · ,kN�2, q, kẑ;X) . (1.71)

Noting that P>⌫ = (c21+2c1�c1)Ps to leading order in the non-Gaussian corrections, we can identify the scale-dependent correction
to the linear bias, and for the fNL-case we have

�c1(k) =
4cN�1

(N � 1)!
�2
s

F (N)
s (k)

Ms(k)
, P>⌫(k) =

⇥
c21 + 4fNLc1c2�

2
s
M�1

s
(k)

⇤
Ps(k)

⌫�1
= b21


1 + 4fNL

�c
Ms(k)

�
Ps(k) .

(1.72)
Note that in general the scale-dependent correction is cN�1, not the usual (b1 � 1).

1.4 Beyond the Spherical Model: Peak Models
1.4.1 Basic Idea of Peak Models
Going beyond the spherical collapse model, we consider the density peak positions for the sites for halo formation. Compared to the
simplest version of the spherical collapse models, not only the density threshold, but also its derivative is considered to describe the
halo formation process. In the framework of this peak model, we derive the statistics of such peaks including the number density, the
shape parameters (deviation from sphericity), and the correlation. For the Gaussian probability distribution, analytic calculations are
possible, and much of the work was done in Bardeen, Bond, Kaiser, and Szalay (1986).

1.4.2 Multivariate Gaussian Joint Probability Distribution
The notational convention is

F (x, t) = �m(x, t) , ⌘i(r) = riF (r) , ⇣ij(r) = rirjF (r) , Npk(⌫) = hNpk(r, ⌫)i . (1.73)

The joint Gaussian probability distribution of F , ⌘i, ⇣ij at a given one-point r is described by its correlations

hFF i = �2
0 , h⌘i⌘ji =

�2
1

3
�ij , hF ⇣iji = ��2

1

3
�ij , h⇣ij⇣kli =

�2
2

15
(�ij�kl+�ik�jl+�il�jk) , hF⌘ii = h⌘i⇣jki = 0 , (1.74)

where �2
j
=

R
d ln k �2

k
k2j and [�2

j
] = L2j dimensionful. Note that if one consider a PDF for density F only, one just needs �2

0 (it
is one-point, not spatial two-point correlation). Because of the symmetry of ⇣ij , only six components are independent: A = 1 � 6,
referring to the ij = 11, 22, 33, 23, 13, 12 components. The covariance matrix M has dimension 10.

M =

0

BBBBBBBBBBBBBB@

�2
0 0 0 0 ��2

1/3 ��2
1/3 ��2

1/3 0 0 0
0 �2

1/3 0 0 0 0 0 0 0 0
0 0 �2

1/3 0 0 0 0 0 0 0
0 0 0 �2

1/3 0 0 0 0 0 0
��2

1/3 0 0 0 �2
2/5 �2

2/15 �2
2/15 0 0 0

��2
1/3 0 0 0 �2

2/15 �2
2/5 �2

2/15 0 0 0
��2

1/3 0 0 0 �2
2/15 �2

2/15 �2
2/5 0 0 0

0 0 0 0 0 0 0 �2
2/15 0 0

0 0 0 0 0 0 0 0 �2
2/15 0

0 0 0 0 0 0 0 0 0 �2
2/15

1

CCCCCCCCCCCCCCA

. (1.75)

To diagonalize the remaining four dimensions, we introduce a new set of variables {⇣A, A = 1, 2, 3} ! {x, y, z}, where

�2x = �r2F = �(⇣1 + ⇣2 + ⇣3) , �2y = �(⇣1 � ⇣3)/2 , �2z = �(⇣1 � 2 ⇣2 + ⇣3)/2 , (1.76)

⇣1 = ��2

3
(x+ 3y + z) , ⇣2 = ��2

3
(x� 2z) , ⇣3 = ��2

3
(x� 3y + z) . (1.77)

Further manipulation gives

✓
F

�0
,
⇣1
�2

,
⇣2
�2

,
⇣3
�2

◆
!

0

BB@

1 ��/3 ��/3 ��/3
��/3 1/5 1/15 1/15
��/3 1/15 1/5 1/15
��/3 1/15 1/15 1/5

1

CCA , (⌫, x, y, z) !

0

BB@

1 � 0 0
� 1 0 0
0 0 1/15 0
0 0 0 1/15

1

CCA , (1.78)
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where � is dimensionless and

⌦
⌫2

↵
= 1 ,

⌦
x2

↵
= 1 , hx⌫i = � ,

⌦
y2
↵
=

1

15
,

⌦
z2
↵
=

1

5
, � ⌘

⌦
k2

↵

hk4i1/2
=

�2
1

�2�0
. (1.79)

Note
⌦
k2

↵
= �2

1/�
2
0 = �3⇠00(0)/⇠(0). So, if Pm(k) ⇠ �D(k � k0), then � = 1, and if �2

k
'constant, then � ⌧ 1.

For multivariate Gaussians (y1, · · · , yn), the joint Gaussian probability is

P (y1, · · · , yn) dy1 · · · dyn =
e�Q

[(2⇡)n det M]1/2
dy1 · · · dyn , (1.80)

where Q = 1
2 (y � hyi)T M

�1 (y � hyi) and the covariance matrix M =
D
(y � hyi) (y � hyi)T

E
. Therefore, for the Gaussian

variables ⌫, ⌘, ⇣A (A = 1� 6), the joint probability is

P (F, ⌘i, ⇣A) dF d3⌘ d6⇣ =
e�Q

[(2⇡)10 det M]1/2
dF d3⌘ d6⇣ , (1.81)

where M is the covariance matrix and

2Q = ⌫2 +
(x� x⇤)2

(1� �2)
+ 15y2 + 5z2 +

3 ⌘ · ⌘
�2
1

+
6X

A=4

15 ⇣2
A

�2
2

, x⇤ ⌘ �⌫ . (1.82)

Now we choose the principal axes of ⇣ij and let the eigenvalues �i, where i = 1, 2, 3:

⇣ = �

0

@
�1 0 0
0 �2 0
0 0 �3

1

A , (1.83)

where ⇣A = ��A for A = 1, 2, 3 (note x, y, z 6= 0) and ⇣A = 0 for A = 4, 5, 6 (no off-diagonal terms). The volume element in the
six-dimensional space of symmetric real matrices is

d6⇣A =
6Y

A=1

d⇣A = |(�1 � �2)(�2 � �3)(�1 � �3)|d�1 d�2 d�3
d⌦S3

6

= 2 �3
2 |y (y2 � z2)| 2

3
�3
2 dx dy dz

d⌦S3

6
=

2

9
�6
2 |y (y2 � z2)| dx dy dz d⌦S3 , (1.84)

d�1 d�2 d�3 = �3
2 |J�1

R
| dx dy dz =

2

3
�3
2 dx dy dz , (1.85)

y (y2 � z2) = � 1

2�2
2

(�1 � �2)(�2 � �3)(�1 � �3) . (1.86)

Therefore, the joint probability is

P (F, ⌘i, ⇣A) dF d3⌘ d6⇣ =
e�Q

[(2⇡)10 det M]1/2
(�0d⌫) d

3⌘

✓
2

9
�6
2 |y (y2 � z2)| dx dy dz d⌦S3

◆
, (1.87)

and since Q is independent of the Euler angles, integrating over the angles gives 2⇡2/3! and the joint probability is

P (⌫,⌘, x, y, z) d⌫ d3⌘ dx dy dz =
e�Q

[(2⇡)10 det M]1/2
�0

2

9
�6
2 |y (y2 � z2)| 2⇡

2

3!
d⌫ d3⌘ dx dy dz

=
(15)5/2

32⇡3

�3
0

�3
1(1� �2)1/2

|2y (y2 � z2)| e�Qd⌫ dx dy dz
d3⌘

�3
0

, (1.88)

where the prefactor is N and the determinant is

det M =

✓
�2
1

3

◆3 ✓
�2
2

15

◆3
1� �

33152
�2
0�

6
2 . (1.89)
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1.4.3 Gaussian Peaks Models
Given �1 � �2 � �3 and peaks are at extremum ⌘(rp) = 0, the density fluctuation and its derivative near peaks are

F (r) ' F (rp) +
1

2

X

ij

⇣ij(rp)(r� rp)i(r� rp)j , ⌘i(r) '
X

j

⇣ij(rp)(r� rp)j . (1.90)

Therefore, the full density field for the maxima of height between ⌫0 and ⌫0 + d⌫ (differential number density of peaks) is

Npk(r, ⌫0) d⌫ =
X

i

�D(r� rp,i) = �D[(⇣�1)⌘] ✓(�1) ✓(�2) ✓(�3) �
D(⌫ � ⌫0) d⌫ (1.91)

= |det ⇣| �D(⌘) ✓(�1) ✓(�2) ✓(�3)�
D(⌫ � ⌫0) d⌫ .

Similarly, the phase-space distribution function is fpk(r,v0) = �D(v � v0) npk(r). Unfortunately, the probability function of
npk = Npk(> ⌫) is analytically intractable. However, the average Npk = hNpk(r)i can be obtained by integrating Eq. (1.88) as

Npk(⌫, x, y, z) d⌫ dx dy dz = hNpki d⌫ dx dy dz =

Z
d3⌘ Npk P (⌫,⌘, x, y, z) d⌫ dx dy dz

=
55/231/2

(2⇡)3

✓
�2

�1

◆3 1

(1� �2)1/2
e�Q̃F (x, y, z) � d⌫ dx dy dz , (1.92)

where

F (x, y, z) =
27

2

�1�2�3(�1 � �2)(�2 � �3)(�1 � �3)

�6
2

= (x� 2z)
⇥
(x+ z)2 � (3y)2

⇤
y(y2 � z2) , (1.93)

Q̃ =
⌫2

2
+

(x� x⇤)2

2(1� �2)
+

5

2
(3y2 + z2) , (1.94)

and � = 1 if the constraints in the x, y, z domain are satisfied (� = 0 otherwise). Further integration of Eq. (1.92) yields

Npk(⌫, x) d⌫ dx =
e�⌫

2
/2

(2⇡)2R3
⇤
f(x)

exp
⇥
�(x� x⇤)2/2(1� �2)

⇤

[2⇡(1� �2)]1/2
d⌫ dx , (1.95)

with

f(x) =
3255/2p

2⇡

"Z
x/4

0
dy e�(15/2)y2

Z
y

�y

dz F (x, y, z) e�(5/2)z2

+

Z
x/2

x/4
dy e�(15/2)y2

Z
y

3y�x

dz F (x, y, z) e�(5/2)z2

#
(1.96)

= (x3 � 3x)

(
erf

"✓
5

2

◆1/2

x

#
+ erf

"✓
5

2

◆1/2 x

2

#)�
2 +

✓
2

5⇡

◆1/2 ✓31x2

4
+

8

5

◆
e�5x2

/8 +

✓
x2

2
� 8

5

◆
e�5x2

/2

�
.

The asymptotic limits of this function is

f(x) ! 3555/2

7 211
p
2⇡

x8

✓
1� 5x2

8

◆
for x ! 0 , f(x) ! x3 � 3x for x ! 1 . (1.97)

Final integration to get the average number density Npk(⌫) d⌫ needs to be done numerically over x as

Npk(⌫) d⌫ =
1

(2⇡)2R3
⇤
e�⌫

2
/2

Z 1

0
dx f(x)

exp
⇥
�(x� x⇤)2/2(1� �2)

⇤

[2⇡(1� �2)]1/2
, (1.98)

where R⇤ ⌘
p
3 (�1/�2) and x⇤ = �⌫. The integral is denoted as G(�, x⇤) and its fitting formula is given. The cumulative number

density of peaks higher than height ⌫ is

npk(⌫) =

Z 1

⌫

d⌫0 Npk(⌫
0) , npk(�1) =

29� 6
p
6

53/22(2⇡)2R3
⇤
= 0.016R�3

⇤ , (1.99)

and the high peak limit ⌫ ! 1 is

Npk d⌫ !
[
⌦
k2

↵
/3]3/2

(2⇡)2
(⌫3 � 3⌫) e�⌫

2
/2 d⌫ , n(⌫) !

[
⌦
k2

↵
/3]3/2

(2⇡)2
(⌫2 � 1) e�⌫

2
/2 ,

⌦
k2

↵
⌘ �2

1

�2
0

= 3(�/R⇤)
2 . (1.100)

For a Gaussian filtering, the power spectrum is P (k,Rf ) ⇠ kn e�(kRf )
2

, and other quantities are

�2
1(Rf )

�2
0(Rf )

=
n+ 3

2R2
f

,
�2
2(Rf )

�2
0(Rf )

=
(n+ 5)(n+ 3)

4R4
f

, �2 =
n+ 3

n+ 5
, R⇤ =

✓
6

n+ 5

◆1/2

Rf , Npkd⌫ / 1/R3
⇤ / 1/R3

f
. (1.101)
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1.4.4 Conditional Probability for Ellipticity and Prolateness
The conditional probability for x = �r2F/�2 is independent of e and p and is

P (x|⌫) dx =
Npk(⌫, x) dx

Npk(⌫)
=

exp[�(x� x⇤)2/2(1� �2)]

[2⇡(1� �2)]1/2
f(x) dx

G(�, x⇤)
. (1.102)

For high peaks (large x⇤), it is more likely that the peaks are located at large x. The conditional probability for y, z given ⌫, x is
simply

P (y, z|⌫, x) dy dz =
Npk(⌫, x, y, z) d⌫ dx dy dz

Npk(⌫, x) d⌫ dx
=

3255/2p
2⇡

F (x, y, z) �

f(x)
exp


�5

2
(3y2 + z2)

�
, (1.103)

and independent of ⌫. We characterize the asymmetry as ellipticity and prolateness

e =
�1 � �3

2
P

i
�i

=
y

x
, p =

�1 � 2�2 + �3

2
P

i
�i

=
z

x
. (1.104)

Thus, e (0  e  1/2) is a measure of the ellipticity of the distribution in the 1-3 plane, and p determines the degrees of oblateness
(0  p  e) or prolateness (0 � p � �e) of the triaxial ellipsoid. Oblate spheroids (football) have p = e, and prolate spheroids
(disk) have p = �e. The characteristic function � = 1 if 0  e  1/4 and �e  p  e or 1/4  e  1/2 and �(1 � 3e)  p  e
(zero, otherwise). (e, p) is confined within (0, 0), (1/4,�1/4), (1/2, 1/2).

Therefore, the conditional probability for ellipticity and prolateness is

Pep(e, p|⌫, x) de dp = Pep(e, p|x) de dp =
3255/2p

2⇡

x8

f(x)
e�(5/2)x2(3e2+p

2) W (e, p) de dp , (1.105)

where
W (e, p) =

F (x, y = ex, z = px) �

x8
= e (e2 � p2)(1� 2p)[(1 + p)2 � 9 e2] � . (1.106)

Notice that the most likely value of p quickly goes to zero. High ⌫ peaks are neither oblate nor prolate, but they are definitely triaxially
asymmetric, since �2 ' (�1 + �3)/2. Indeed, in the large x limit, e, p are small, and we can approximate the PDF by a Gaussian:

Pep(e, p) ' Pep(em, pm) exp


� (e� em)2

2�2
e

� (p� pm)2

2�2
p

�
, (1.107)

where
em =

1p
5x[1 + 6/(5x2)]1/2

, pm =
6

5x4[1 + 6/(5x2)]2
, �e =

emp
6
, �p =

emp
3
. (1.108)

For high peaks, x is large and thus em ' pm ' 0 (more spherically symmetric).
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