4 Relativistic Perturbation Theory

4.1 Metric Decomposition and Gauge Transformation

4.1.1 FRW Metric and its Perturbations

We describe the background for a spatially homogeneous and isotropic universe with the FRW metric
ds® = Gudatdr” = —a?(n) dn* + a*(n) Jop dax®da? 4.1)

where a(n) is the scale factor and g,p is the metric tensor for a three-space with a constant spatial curvature K =
—HZ (1 — Qtot). We use the Greek indices «, 3, - - - for 3D spatial components and i, v, - - - for 4D spacetime compo-
nents, respectively. To describe the real (inhomogeneous) universe, we parametrize the perturbations to the homogeneous
background metric as

goo := —a? (1+2A4), Joa = —aQBa, GaB = a® (Gap +2Cap3) , 4.2)

where 3-tensor A, B, and C, are perturbation variables and they are based on the 3-metric g, 3. Due to the symmetry of
the metric tensor, we have ten components, capturing the deviation from the background. The inverse metric tensor can
be obtained by using g**g,, = 0}, and expanding to the linear order as

1 1 1
9" = 2 (—1+24), 9" = —ﬁBa ; g’ = 2 <§aﬁ - 20&’8) : 4.3)

For later convenience, we also introduce a time-like four-vector, describing the motion of an observer (—1 = u,u*):

a a
Uy = @ (Ua - Ba) = QA Vo = (L(_U,a + U&U)) ; v:i=U+ /8 5 U(U) = U(Szv) - B(U) ) (45)

« «

where U is again based on g,3.

4.1.2 Scalar-Vector-Tensor Decomposition
Given the splitting of the spatial hypersurface and the symmetry associated with it, we decompose the perturbation vari-
ables (to all orders) as

Ai=a,  Bai=Ba+BY,  Cagi=¢hap + Ve +Clly +Cap,  USi==U+UM (46)

subject to the transverse and traceless conditions:

—0. ™o —g.  cWa—g WP

a

5=0, v, =0, @7
where the vertical bar represents the covariant derivative with respect to the 3-metric go:
X%5=X"3+03 X7, Xop = Xap — FgBX,y ) 4.8)

This simply implies that the scalar perturbations describe the longitudinal modes and the vector (v) and the tensor (t)
perturbations describe the transverse modes. Furthermore, the tensor perturbation is traceless. The decomposed scalar
perturbations can be obtained as

1

8 = A~'VveB,, 5

1 \L
<A + 2R> (3a71v°VIC,, - C5) . 4.9)

’)/ =
_ lea A (ad B <3A*1V°‘V50 - ca)
4}0 - 3 « 6 2 C!B « )



AST513 Theoretical Cosmology JATYUL YOO

where V, is the covariant derivative based on g,g (i.e., vertical bar) and A = V®V,, is the Laplacian operator. The
presence of the Ricci scalar (R = 6K) for the three-space indicates that covariant derivatives are non-commutative.

Ra,@'y& =2K ga[’ygé]ﬁ : (4.10)

The decomposed vector and tensor components are computed in a similar manner as

1.\"!
BY) = B,-V,A"'VAB,, Cé”):2<A+3R> [VCap = VaA VIO | 4D
c) — ¢ L A)(a+lir o 3ATIVIVOCs — O
o = aﬁ_g ClGap — B *ga/a +§ [ s — 7}

-1

2V <A + R) [V706)7 - VB)A_IVVV(SCVJ} J
@a _ e _ ~(1)8 (t)

and they satisfy the transverse condition B ‘5 =0, =05 = 0 and the traceless condition C,’" = 0.

4.1.3 Comparison in Notation Convention

Bardeen convention:

1
A= a, BO 5 k3, HL—>¢+§A7, Hr — —A~y, (4.12)
BYQW 5 B, , HY Qo — —kCy HY Qap — Cap . (4.13)

Weinberg convention:

® — ay, U — —py, ou — —avy R = ¢y, ¢ — s, (4.14)
1 II 1 t
op — 0p — @AH ) 7 =00 — 2 7rZ-V — %Ha ) 7[‘3; — H(a% . 4.5
Dodelson convention:
Y=oy, O — Oy s ikv — ]CQUX , v — —ikvy . (4.16)
Ma & Bertschinger:
Y=y, O — =y, h — 6p, + 2A7 n— —Qy, 9—)1{:21))(. 4.17)
CLASS Boltzmann code:
Y — ay ¢ — —py 0 — kv, (4.18)

where 6; and ¢; depend on the choice of gauge condition.

4.1.4 Gauge Transformation

The general covariance of general relativity guarantees that any coordinate system can be used to describe the physics
and it has to be independent of coordinate systems. This is known as the diffeomorphism symmetry in general relativity.
However, when we split the metric into the background and the perturbations around it by choosing a coordinate system,
we explicitly change the correspondence of the physical Universe to the background homogeneous and isotropic Universe.
Hence, the metric perturbations transform non-trivially (or gauge transform), and the diffeomorphism invariance implies
that the physics should be gauge-invariant.

The gauge group of general relativity is the group of diffeomorphisms. A diffeomorphism corresponds to a differen-
tiable coordinate transformation. The coordinate transformation on the manifold M can be considered as one generated
by a smooth vector field (*. Given the vector field (#, consider the solution of the differential equation

dx*(N)| d
ax |p ’ d\

= ("0, (4.19)
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defines the parametrized integral curve z#(\) = x/»(\) with the tangent vector (*(z p) at P. Therefore, given the vector
field ¢* on M we can define an associated coordinate transformation on M as x‘jg — JE‘IQ = X‘IQ(A = 1) for any given P.
Assuming that (* is small one can use the perturbative expansion for the solution of equation to obtain

1 d?

1 v 3 YOy
R e ) e O =

(4.20)

i d
Tp =Xp(A=1) = xp(A = 0) + —=xp L

This parametrization corresponds to the gauge-transformation with (*.
In general, any gauge-transformation of tensor T for an infinitesimal change ¢ can be expressed in terms of the Lie
derivative (valid to all orders of T)

5T :=T-T=—£T+0O(C?, LeAP = AP V(P AY £¢T = T pCP+ T (P +TppC” . (421)
where they are all evaluated at the same coordinate and the derivatives in the Lie derivatives can be replaced with covariant
derivatives (Lie derivatives are tensorial). To all orders in , we have

T(z) = T(z) — £:T + %,EET 4+ =exp[—£]T. (4.22)
Therefore, the gauge-transformation in perturbation theory is simply
5T =0, 5 TW = —£,T, 5T = — £, (4.23)

where we used that ( is also a perturbation.
In fact, there are two ways of looking at the transformation in perturbation theory. For example, the metric tensor has
to transform as a tensor. But once we split it into the background and the perturbations, there exist two ways

guuzgﬂy%-hw, 5gg:—£<g : (1) 5<§:—£<§_], 5Ch:_£Ch7 (2) 5C§:0’ 5<h:—£<h—£cg,

(4.24)
where we suppressed the tensor indices. In (1), the background and the perturbation transform altogether like tensors (at
the same coordinates), such that the sum transforms like a tensor. In perturbation theory, we do not use this, because
the infinitesimal transformation ( is always considered as a perturbation. However, for example we can consider some
general spatial rotation ¢, such that the background metric also changes.'

4.1.5 Linear-Order Gauge Transformation

At the linear order, the Lie derivative is trivial, and the the most general coordinate transformation in Eq. (4.20) becomes
ey " = (T, L%, L= L4 LW (4.25)

where we now use £# = (*. The transformation of the metric tensor at the leading order in £ is then

(559;,,1/(17) = gw@) - gw(x) = —£§gw, == (fp,;u + fvm) ) §u = g,quV = az(_T7 L), (4.26)

where the semi-colon represents the covariant derivative with respect to the full metric g,,,,. The transformation equations
are explicitly

Segoo = —2a° 6cA = 2a? [i (aT)’] , egoa = —a® 0¢Bo = a® (T.a — L1,) 4.27)

Segap = 2a° 6¢Cop = —2a° [HTGap + Liaip)] - (4.28)
Using the scalar-vector-tensor decomposition, we derive that the scalar quantities gauge-transform as

d:a—é(aT)’, B=p-T+1L, ¢ =p—HT, y=~—-1L, (4.29)

U=U-1/, t=v-T, v=x—al, f%:fi+3HaT+%T, (4.30)

'In FRW, we use the spatial metric gng unspecified, implying we can do a further spatial transformation to e.g., spherical coordinate and so on
and change the background metric (while it remains covariant). The time component is fixed, otherwise it ruins the FRW symmetry (go. component
in the background or different coefficient in time component for example.
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the vector metric perturbations gauge-transform as

BW =BW L 1! cW =cW _pr,, oW =u® 4+ Lo (4.31)

« «

and the tensor perturbations are gauge-invariant at the linear order, where we defined the scalar shear x := a (8 + ') of
the normal observer (n, = 0) and the extrinsic 3-curvature K := —3H + & and its perturbation x := 3Ha — 3¢ — C% X-

Based on the above gauge transformation properties, we can construct linear-order gauge-invariant quantities. The
gauge-invariant variables are

1 P

0y = —aHv , oy =9 —Hyx, UX:ZU_EX7 51}::5—a;v, 4.32)
Qy = — lX/ ) ps =@+ 7&0 ) ‘I’gv) = B((xv) + CC(VU)/ ) Ugv) = Uo(év) - Bf(’év) )
a 3(p+p)

These gauge-invariant variables (ay, ©y, Vy, Ya, v&v)) correspond to P 4, Py, vgo), W, and v, in Bardeen (1980).

4.1.6 Popular Choices of Gauge Condition
By a suitable choice of coordinates, we can set I’ = L = 0, simplifying the metric. For simplicity, we only consider the

scalar perturbations in the following two cases.

o The conformal Newtonian Gauge.— in which we choose the spatial and the temporal gauge conditions:
F=~r=0 — L=0, B=B8=0 - T=0, x=0. (4.33)
All the gauge modes are fixed, and the metric in this gauge condition is
ds® = —a® (1 + 2¢) dn? + a® (1 + 2¢) ga/gdx“dxﬁ , Yi=a=a,, ==y, (4.34)

and the velocity vector is then
U=nwv,, v=-VU. (4.35)

The metric and its equations appear more like the Newtonian equations, and hence the name. We will use this gauge
condition to illustrate and simplify the problems.

o Synchronous-Comoving Gauge.— in which we choose the spatial and the temporal gauge conditions:
da=a=0 — (aT) =0, B=B=0 - T=1L", (4.36)

such that the metric becomes
ds* = —a?dn® + a® (Gap +2Cqup) dz®dx® . 4.37)

All the metric perturbations in this gauge condition are included in the spatial metric tensor. However, as apparent from
the above gauge condition, the gauge freedoms are not completely fixed:

T:U:éF@% L:/mﬂE@+G@% (4.38)

where F' and G are two arbitrary functions of spatial coordinates. Typically, this issue is resolved by assuming additional
condition at the initial epoch
v=0 — Fkx)=0, T=0. (4.39)

This condition is indeed the temporal comoving gauge condition, and hence the whole choice is often referred to as the

comoving-synchronous gauge (or synchronous-comoving). The comoving gauge is often chosen with a different spatial

gauge condition (y = 0). Note, however, that the spatial function G(x) is still left unspecified, and hence + is a gauge

mode, whereas U for example is physical. Due to this deficiency, we will not use this gauge condition in the following.
The notation convention in Ma and Bertschinger (1995):

A PN 1
hz‘j =k; jh + (kikj — 2(51']‘) 6n — QCZ']‘ , h — 60+ 2A7y N — —Qy - (4.40)
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4.2 Energy-Momentum Tensor

4.2.1 Formal Definition

We will consider a simple action of the matter sector, in addition to the gravity described by the Einstein-Hilbert action:

_ = | B A
S=:5+85 —./\/ gdx[lﬁﬂG 87rG+£m ) (4.41)

where the matter Lagrangian includes the cosmological fluids and other matter fields such as scalars and so on. The
variation with respect to the metric,

55 MY 1 5Smm
0= Sghv TH [RW — 39w+ Agw] T o g (4.42)
yields the Einstein equation
1 1 2 65,
Ry — 59wBR+Ag = ——5———~ =81G Ty, (4.43)
(ot 2 I a2 Mgl \/jg5guy I
where the energy-momentum tensor defined by the action
2 65, ) 4
le = —ﬁw - guuﬁm -2 (59‘“’ /d x Em 9 (4.44)

and it is indeed the conserved current (tensor) of the action under the space-time translation invariance. The Noether
theorem says that when there exists a (global) symmetry, there exists a conserved current. The space-time translation
invariance is the symmetry of general relativity, and the Noether current associated with this symmetry is the energy-
momentum tensor:

Ty =0. (4.45)

Note that we can repeat the calculations with upper indicies and obtain

o 2 0Sn,
' Vo) 6guu

but mind the subtlety, for example, for the scalar field action,

— L2 ; / ' Lo | (4.46)
uv

1 1 1
Ls=—58"0u00,6 . 0Ly = — 500" 0ud Dy = 500,09 0" . (4.47)

4.2.2 General Decomposition for Cosmological Fluids

For our purposes, we are not interested in the microscopic states of the systems, but interested in their macroscopic
states, often described by the density, the pressure, the temperature, and so on. The energy-momentum tensor for a fluid
can be expressed in terms of the fluid quantities measured by an observer with four velocity u* as (the most general
decomposition)

Tyw = puyuy + pHpuw + quuy + quuy + T 0=Huu", (4.48)

where H,,,, is the projection tensor and
Huw = Guv+uyu, , HE =3, uq, =0 =ulmy, , T = Tup s ﬂﬁ =0. (449

The variables p, p, q, and 7, are the energy density, the isotropic pressure (including the entropic one), the (spatial)
energy flux and the anisotropic pressure. Given the energy momentum tensor 7, an observer with uf)‘bs measures

1 . . o .
_ w v _ v obs __ P o obs __ o
Pobs = L ppUqp Uohs » Pobs = gTuVHM ) q, = _TpauobsHu , Ty = TpoHZHV _pobsHuV )
4.50)
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where 7 v 18 the projection tensor in terms of ugbs. Remember that these fluid quantities are observer-dependent, hence
it would be ideal to provide the energy momentum tensor for each fluid in terms of the fluid quantities that would be
measured for a fictitious observer moving together with the fluid u’; = ugbs (hence without spatial flux ¢, = 0).

In general, we decompose the fluid quantities into the background and the perturbations:

pi=p+dp, pi=p+0p, Spi=c2p+e, ci::%, (4.51)
)

o = aQu , Tag = a’Tlag , e:=pl, r=22_9% (4.52)
p o p

where (), and II,g are based on g,g. At the background level, all the above fluid quantities vanish, except p = p and
p = p. For the adiabatic perturbations, we have e = 0 and the sound speed is ¢? = 6p/dp = p/p. For multiple fluids, we
can add up the individual energy-momentum tensor to derive the total energy-momentum tensor. In the case of multiple
fluids, their fluid velocities are not necessarily identical, and there exist non-vanishing energy flux. Non-vanishing e and I"
parametrize the entropic perturbations of the fluids.

Though these relations are exact, we will be concerned with linear-order perturbations. Raising the index of the energy
momentum tensor, we derive

T) = —p+0(2), TO = (5+ ) (Ua — Ba) + Qo + O(2) (4.53)
T§ =p g + 105+ O0(2) e = —(p+P)U® — Q%+ 0O(2), (4.54)

where all quantities are those appearing in 7},,,. Given the conditions 0 = u*q, = u#m,,, the (spatial) energy flux and
the anisotropic pressure should satisfy

g =0+0(2), Top = 0+ O(2) . (4.55)

o Gauge transformation properties of the fluid quantities.—
_, . ~
j=6-LC1, Sp=0op—p T, Qo = Qa , oy = T E=e. (4.56)
p
Note that the spatial energy flux is gauge-invariant, but dependent upon the observer choice.

4.2.3 Tetrad Approach

Given the observer with u*, one can define a local Lorentz frame (where the metric is Minkowski) by constructing three
spacelike orthonormal vectors [e;]#. For example, one can construct three rectangular basis vectors [e;]*, [ey]*, [e-]* and
of course [e;]# = uM = —[e!]#, where the component index a of [e,]* represents their coordinates. The orthonormality
condition and the spacelike normalization is

Nab = guu{ea]#[eb]y — 52']' = gw/[ei]'u[ej]y s 0= guu[ei]u[et]y s —-1= guu[et]#[et]y s (457)

where a, b, - - - = t, x, y, z represent the local Lorentz indices.
Assuming that the four velocity of the observer is indeed the fluid velocity, we can go to the rest-frame of the fluid by
using the tetrad expressions as

3 3
p = Tuled"ed” p=3Tw ) e[ Hyw = ) _leduledds G = aile'lu-
] =1 =1

(4.58)
The other fluid quantities can be readily expressed in terms of the tetrad basis, and the energy-momentum tensor in the
rest-frame of the fluid is then

P —qx —Qy —q
T, = —Gz P+ Tag Ty Tz ' (4.59)
4y Tyz Pt Ty Ty
—qz Tzx T2y P+ T
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The orthogonality condition for the energy-flux and the anisotropic stress implies

0=uv"q, =q, 0= v = Tia , 0= ﬂ'ﬁ = 7T£ + 7r$ = i . (4.60)

However, we should pay attention to the difference in the quantities expressed in the rest-frame and in the FRW coordinate:

gi = quled” = QU8 + 0(2) mij o= maleil[ei)” = L6867 + 0(2) . (4.61)

When the fluid velocity is the same as the observer velocity, the spatial flux ¢; = 0, or ¢, = 0.
As noted, the fluid quantities are observer-dependent. Given the energy momentum tensor in terms of the fluid rest-

frame quantities (g, = 0), if the observer is moving with ¢}’ relative to the fluid velocity u#, the observer measures
different fluid quantities from those defined in the rest frame:

T,uu = PUyUy + pHuu + Tuw Huu = Guv + UplUy , (4.62)
The energy-momentum tensor can be projected into the observer rest-frame as
Tap = Ty leal"[es]” = (p+ p)ttats + P Tab + Tab » Uq = upleq]” (4.63)

where we put tilde to emphasize that the components of T, are observables. The fluid velocity and the anisotropic
pressure satisfy

—1 =uu, = —u? + u? , 0= 7r/’j - M = T - (4.64)

Furthermore, the anisotropic pressure is perpendicular to the fluid velocity:

a t 7
0 =u"Tgp = U g + U g » Tt = Tij o5

- (4.65)

Therefore, the energy density and the pressure measured by the observer are

- ~ _ 1 1 1 1
p =1L = (PpTP)Us —PT Tt = ol = \PTP)UU TP ST = P o [P P) U — Tet| 5 (&
Ty = (p+p)ui —p+ 5T = 3(ptp)usitptgma = p+3 [(p+p)(uf — 1) + 7] , (4.66)
and the anisotropic pressure is
. - 1 .
fij = (p+ p)u'e! + mij = 30 [(p+p)(ui = 1) + 7] , 0=y = Tut - (4.67)

Since the velocities of the fluid and the observer are different, the observer measures the non-vanishing spatial energy flux
G =T, = (p+pulu + ' . (4.68)

If the observer velocity is the fluid velocity, we obtain the consistency relation:

Uq = Mta 5 pP=1pr, P=p, =0, Tij = Tij - (4.09)

From Eq. (4.53), it is clear that at the linear order in perturbations the energy density p, pressure p, and anisotropic

pressure 1,z are the same as those measured by an observer, independent of the fluid or the observer velocity. However,
the velocity of the fluid and the spatial flux measured by the observer are

ut = eful = (LU = Uly) + 0(2) Gi = (p+p) U = UL +0(2), (4.70)

where the presence of the relative velocity between the fluid and the observer is apparent. In addition to the fluid quantities
p, D, T, (same for any observer), the energy-momentum tensor 7}, can be written in terms of the fluid velocity without
spatial flux g, = 0, and the off-diagonal part of the energy-momentum tensor is

70 = (5 + p) <Ugj - Ba> +0. @.71)

One can also express T}, in terms of the observer velocity ugbs with non-vanishing spatial flux g; in Eq. (4.70), which
defines

G =1 eill @0 = QU0 + 0(2) (4.72)
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and the off-diagonal part of the energy-momentum tensor is again identical:
TS = (5+7) (U = Bo) + Q3 = (5+p) (V] - Ba) - (473)
In summary, the fluid quantities measured by the observer are
0=my =m, pP=p, p=p, Tij = Tij G =(p+p) (U —Ul,) . 474
In other words, whoever the observer is, the fluid quantities the observer measures are identical to those at the fluid rest
frame, except the spatial energy flux.

4.2.4 Distribution Function

In cosmology, photons and neutrinos are the most important radiation components, and they are not described by the fluid
approximation. Their statistical properties are captured by the distribution function F':

Py, @75)

where the background distribution f often follows the equilibrium distribution and the perturbation f describes the devia-
tion from the equilibrium. The equilibrium distribution for massless particles is fully described by the physical momentum
and the temperature, and it is independent of position and time.” In the rest-frame of an observer, the physical energy £
and the momentum P can be measured, and the energy-momentum tensor can be re-constructed as
ab dSP a pb
7% =qg | —P°P°F (4.76)
E
where the four momentum satisfies the on-shell condition —m? = P,P% and E = P! and g is the spin-degeneracy of the
particle, equal to two for photons and one for left-handed neutrinos.
The fluid elements can be readily computed as

pipi

p= g/d3p EF, ¢' = Qu0% = g/d3P P'F, pd 4 7 = g/d3P F. 4.77)

For later convenience, we introduce an angular decomposition
. ] 4 R g [20+1 e rx n .
f(P,n) = IZ(—Z)M /m fim(P)Yim () fim(P) = it/ T / d*n Y;E (R) f(P,7) (4.78)
m
where P! = Pn' and 7 is the unit directional vector. The normalization convention may differ in literature. The pertur-
bations in the fluid quantities are then related to the distribution function as

o) B 4 o] P4
8p = drg / dP P2Efy p = Tr 6TV = % / dP — fuo 4.79)
0 0

where we performed the angular integration. Higher moments of the fluid elements will be related to the higher-moments
of the distribution function. At the linear order, the spatial energy flux from the distribution function is related to the
relative velocity as

6 = (7 +p) (U} = Ug,) = Q207" (4.80)

’In the background, the physical momentum and the temperature redshift in the same way.
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4.2.5 Multiple Cosmological Fluids

The details are summarized in Hwang and Noh (2002). In a universe with multiple fluids ¢ = 1,--- , N, each fluid com-
ponent has different velocity u“z . Given the fluid components in a coordinate system, the energy-momentum tensor 7},,,
is completely set (i.e., all the components of 7},,):

Tiot = Z @, (4.81)
which defines (ignoring the super-script “total”)
0 =—p+0(2), T§ =p g+ 15+ 0(2), (4.82)
or defines
Prot = (P + 0p)tot = Zp(z =-T; +0(2), Dtot = Zp(i) , I35 = Znaﬁ ) (4.83)
i

such that the energy density, pressure, anisotropic pressure are just the sum of individual fluids, regardless of fluid and ob-
server velocities at the linear order. However, the VG]OClty ube, (and tht) that would appear in the total energy momentum
tensor is yet to be determined. In fact, we can define uf., as one without spatial flux,” i.e.,

T2 = (+5) Ua = Ba)ioy + 0(2) =3 (0 +5) ) (UY — Ba) + 0(2) . (4.84)

For the case of multiple fluids, it is possible to have interactions between fluids, even in the background, such that the
energy conservation law is

% .7 _ % tot __
T8 = 1) 0=> 10, T, =0. (4.85)

i
In the background the conservation equation becomes

. o F Pi)

Py +3H (p+p)uy = L o —3H(p+p)iy(1 — q@)) » (4.86)
where we defined (ignoring the vector type)
I(gi) =: —qa [f(l)(l + Oé) + 5[(1)} s I(gj) =: Jg) s j(,) =: 3H(ﬁ+ﬁ)(l)q(1) . (4.87)

At the background level, the equation of state and the sound speed of the individual components are

20 s PG dwgy 1
=—, Copy = = = wy) + — = ; (4.88)
P O bey Y dinpg) I+w S 1+ug
Wiy = —3H () — wipy) (1 +wi) (1 — qa) (4.89)
where we defined s
P(i) + D)
0="515 Z ()

At the perturbation level, we derive
op = Zép(i) = ch(i)ép(i) + Ze(i) =c2ép+e, 4.91)

e = Z<S(” ) dp +Z erel 4 eint 4.92)

)

3This is possible nonlinearly, as we trade three dof in spatial flux with three dof in velocity.
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where we defined the intrinsic and the relative entropy perturbations

erel . Z (Cg(z) _ Cg) 5p(z) (4.93)
_ 1y P+P0P+PG) 2 )S“+ZM 2 (4.94)
= 3 5D @) " @) T LT TSm0 '

Sy=—2 W _ 70 U (4.95)

e Gauge-transformation properties.—
gj(i) = 5I(i) — I_Ei)T , J(i) = J(Z') + af(l-)T , Sz‘j =5 — 37‘[T((](i) — q(j)) , (4.96)

where S;; is gauge-invariant only when there is no energy transfer in the background ¢(;) = 0.

4.3 Einstein Equations

4.3.1 Christoffel Symbols

In the absence of the torsion, the Christoffel symbols are uniquely determined by the metric tensor as

ozt %0 1
Ly, == = —g" vo ov — Gupo) = —F5, d2:_ v © V’ 4.97
YP0€7 Qav OxP 29 (9vo.p + pow = Gupo) 0 dr2 T N d&Hd§ 4.97)

where £ is a freely falling coordinate and dr is the proper time. To the linear order in perturbations, we derive

Y, = Z/ + A = H+Y, To, =Aa— C;/Ba = Yo, (4.98)
rg, = Al*—BY_— ‘;,Ba — P (4.99)
Y, = Z/gaﬁ - 2‘ilgaﬁA + Blajs) + Clg + 2% Oaﬁ = Has (1 —20) + (¢ +2H¢) Gop, (4.100)
o = 3/5[3 +2 (B ® - B) +CF > HOG+ 905, (4.101)
6y = fgv + algﬁVBa +2C() — Cﬁvla — f%v + 20,08 — ¢ 9y (4.102)

where the conformal Hubble parameter is # = a’/a and fgv is the Christoffel symbols based on 3-metric g, .

4.3.2 Riemann Tensor

The Riemann tensor can then be constructed in terms of the Christoffel symbols as

RM,,=TH —TH 4 T¢TH —TgTH =T T T TH +T5TH (4.103)

vpo vo,p vp,o Vo pe vp- o€ Vo pe
and the Riemann tensor has all the information of the geometry, such that how any four vector changes locally is fully
determined by the Riemann tensor

1
us R’

wp W ) = 5 R outt” - (4.104)

2U[0p) =
Out of the Riemann tensor, we can construct the Ricci tensor (and Ricci scalar) by contracting the Riemann tensor as

Ry, =R’ R=R", (4.105)

ppv
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and construct the (conformal) Weyl tensor as

1 R
C,w/po = R,uupo - 5 (gupRuo + guoRup - gl/pRuO’ - gMO'RVp) + — gupgua - guogup) . (4106)

6
The Riemann tensor has the symmetry:
R,u,z/po = R[wj} lpo] = Rpa,ul/ s R,uz/po + R,upm/ + R,uoz/p = Ru[ypa} =0, (4.107)

such that its 20 independent components can be separated into the Ricci tensor (10 components) and the (traceless) Weyl
curvature tensor (also 10 components with all the symmetry of the Riemann tensor)

CNVMV =0, Cuypg = C[MV“PU] = Cpcrp,l/ R Cuypg + C'upm, + Clwyp = CM[VPU] =0. (4.108)

The Ricci tensor is algebraically set by matter distribution through the Einstein equation, but the Weyl tensor is determined
by differential equations with suitable boundary conditions.
To the background, we derive

Roos = "' » Rios = H'35 R§,s = 2 (K +H?) 68 Gsjs = Ri5 + 2H?0 o) (4.109)
Ry = —3H', Rog = (2K + H' +2H?) Gup = Rop + (H' + 2H?) Gus R= % (K+H +H?),
where we defined the Riemann tensor for a 3-hypersurface based on 3-metric goz
R§.; = 2K00,95)5 » Rog = 2Kgag , R=6K. (4.110)
and we used for any second-rank tensor F,,g
Fopive) = K (GasFyp + Gp5F1a) - @.111)
To the linear order in perturbations, we derive the Riemann tensor:
R'yo = 0, R%o = —H'Ba, R%,5=0, 4.112)
Rys = HGap— [HA +2H'A] op — Aajp + Blajs) + HBajp) + Cig + HCls + 21 Cap (4.113)
Rapy = 2HgajpAsq) — Bajsy) + %(wa — Bglay) = 2041 (4.114)
R = M3 —HASE— A%+ % (Bﬁ‘o‘ + BO“B)/ + 17—[ (Bﬁ'“ + B‘lm) +C8" +HOY (4.115)
R, = 2HOAL) = By, + Bisy) — 20 By — 20f (4.116)
Ry, = H(gsy A" =054 p) + H'gsy B — H* (95, B — 05Bp) — % (B, - B ﬂ>| + 02— Cl @117
R = R+ M (67985 — 059s) (1 — 24) (4.118)

%H (935 (B,1+ B2,) = g3 (B, + BCls) + 265 Baps) — 208 Biayy |
+H [gg(;(]ﬁ’ — g,C5" + 50‘6‘235 — 5?0};7 +2H (53055 — 5?057)]
208315, = 200515 + Cy %5 = Cis
and by contracting the Riemann tensor we derive the Ricci tensor and the Ricci scalar:
Ro = —3H' +3HA'+AA— B, —HBY, —Cy" —HCY, (4.119)

1
B~ Chra +Cy’ (4.120)

R = 2KGas + (H’ +2H?) Gap(1 — 24) — ”HA Jop — Al + Bgaw) + 2 B(q ) + Hg&ﬁB‘Y|7 (4.121)

Roo = 2MA,—H B, —2H’B, + 5ABa —

+Chs + 2% 0’5 +2 (H' +2H?) Cap + HGgasC) +2C], 5, — Cls — ACag
1
R = —[6(H +H+K)—6HA —12(H + H*) A— 204 (4.122)
F2B, + 6HB, + 202" + GHCY — AKC — 2005 +20% ] .

o HW: derive the Riemann tensor and the Ricci tensor in the conformal Newtonian gauge
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4.3.3 Einstein Equation and Background Equation

The Einstein equation is that the Einstein tensor G ,,, is proportional to the energy-momentum tensor 7, :

1
G =R, — §gWR +A g =87G 1T, , (4.123)

where G is the Newton’s constant and A is the cosmological constant. The cosmological constant can be put in the
right-hand side as a part of the energy-momentum tensor:

A
= —pp = —— . 4.124
PA="PA= oo ( )
The trace of the Einstein equation gives
T=-p+3p, R =87G(p — 3p) +4A (4.125)

and the Ricci tensor is completely set by the trace of the energy-momentum tensor. To the background, the Einstein
equation yields the Friedmann equation give

87G K A . a 4rG A
H2: N — — -, H2 Hzfz—i ) 3_ — 4126
3 P2ty + " 5 (PH3D)+ 5, (4.126)
and the energy-momentum conservation yields

p+3H (p+p)=0. (4.127)

In terms of the conformal time, the Friedmann equation becomes

. A7G " 4nG
H = a(H? + ) :—%aQ(pJFSp), Wn =L = WTaQ(ﬁ—Sﬁ)—K. (4.128)
a

In a flat Universe (K = 0) dominated by an energy component p < a™ "

Friedmann equation:

, we can derive the analytic solutions to the

2 _n_ t 2 2 1
aocnni2o<t2/", tx nn—2 | H=H,2)=">, H="H, o) = -,
t nt n n—2mn
(4.129)
or in terms of equation of state 5 oc a—3(1+%),
3(14w) 2 2 1
a o T o ¢2/30+w) tocn 15 H=-— " H = S (4.130)
31+ w)t 143w n

where we used n = 3(1 + w).

o Einstein-de Sitter Universe.— This simple model is indeed a good approximation to the late Universe, before dark
energy starts to dominate the energy budget. The evolution equations are

£\ 2/3 . 2 ¢ 0 3
to Mo to o

H-2 2 = ) (4.132)

3t

1 2
= =g —n=— 1=
) Pm 6nGt2’ r o —" HO < /71 Tz

ESERN

where the reference point ¢ satisfies a

—~

to) = 1, but it can be any time ¢ € (0, 00).
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4.3.4 Linear-Order Einstein Equation

The Einstein equation can be expanded up to the linear order in perturbations, and decomposed into the evolution equa-
tions describing the scalar, the vector, and the tensor perturbations. At the linear order, they do not mix.

o Scalar perturbations.—

A+ 3K
GY . Hr+ —5 = —4nGdp , (4.133)
A+ 3K
GY . ok +23 x = 127G(p + p)av , (4.134)
a
- A
Gg—Gg : K+ 2HK+ <3H—|—a2)a:47rG(5p+3(5p) , (4.135)
1 )
G%—géng X+ Hx—¢—a=8rGII, (4.136)
where we defined
A 1 1 1 (t)
K= 3Ha—3cp—ﬁx, X = a[3+a7’ , Haﬁ = ? (H’aw — SQQBAH> +5H(a|ﬁ)+ﬂaﬁ . (4.137)
The energy-momentum conservation yields
1
Ty, = 6p+3H (6p+dp) — (p+p) </< —3Ha + aAU) =0, (4.138)
[a*(p+p)v] 1 1 ( 2A+3K )
T, « —F———— ——a———— | op+ = II)=0. 4.139
“w  Tadprp)  a aprp \ T3 a? 139
e Vector perturbations.—
[@*(p+p)ol) | A+2K 1Y
T, - T + s———-=0. (4.140)
’ a*(p+p) 20 p+p
e Tensor perturbations —
.. . A —-2K
a ., [3Xe ta ta __ ta
Gy + CU+3HCYG — ———=CUf = snenVg . (4.141)

o Multiple fluids.— In the presence of interactions in Eq. (4.87), the individual conservation becomes

)V . = — — 1

Té;g : (5p(l) +3H (5/) + 5}7)(” — PH)® — (p —l—p)(i) </€ + aA’U(i)) = 5](2) y (4.142)
. [a*(p+D)v]lyy 1 2A + 3K

T ’—a—<5 P a1t —Ji>:O. (4.143)
’ AGtpe o a@tpp \ P T3 a2 0700

The first conservation equation can be expressed as

P(i)
(4.144)

. A
Oy + 3H(c5 — w)3)0) + 3H (L + w06y = (1 +wg) [/‘v —3H(1 —q@))a+ av(i))] +

4.4 Linear-Order Cosmological Solutions
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4.4.1 Super-Horizon Solution

On super-horizon scales £ < ‘H, many simplifications can be made to derive useful relations. First, the energy-momentum
conservation in Eq. (4.138) can be re-arranged as

5

S (4.145)

. 3H ) A
3(1+w)<pa+7(5p—p5)+(1+w);(x—av):0, 5 =@+

implies that in the super horizon limit we have a conservation law for a medium with adiabatic condition e = §p — c25p =
0:
ps =0, (4.146)

where we assumed the equation of state is constant. The uniform-density gauge curvature is often denoted as { = 5.
Note that in the conservation equation we assumed no energy transfers between any fluids, and this conservation law holds
for individual adiabatic fluids.

The other important conservation law deals with the comoving-gauge curvature (often denoted as R):

0y =@ — Hv. (4.147)

As we derive in Section 5, the comoving-gauge curvature perturbation ,, in a flat universe K = 0 is conserved on large
scales throughout the evolution:
Oy =0, (4.148)

if the total matter content of the Universe is adiabatic, which is the case in the standard model. So, it is convenient to
derive its relation to the conformal Newtonian gauge quantities by using the Einstein equation (4.134) to replace v in favor

of K
H(B3Ha — 3¢) 2a—¢/H

SOUZ‘P_WM:@_?) 1+ w (4.149)
In the absence of anisotropic pressure II = 0, the Einstein equation implies
Ay = —Px > (4.150)
and on super-horizon scales
Pov = m ©x (4.151)

where we chose the conformal Newtonian gauge and ignored ¢, /H = 0, as obvious in the above equation. While ¢, is
conserved on super-horizon scales throughout the whole evolution, the Newtonian gauge potential evolves, as the Universe
transitions from the radiation dominated to the matter dominated eras:

2 3
o= Pl = (4.152)

On super-horizon scales, the first two Einstein equations imply

Hk = —4nGép = 127G(p + p)Hv , (4.153)
which guarantees the equivalence
0= = d +H = (4.154)
= — = v = .
()05 SO’U 3(1 w) 9 SD’U 806 )

independent of adiabatic conditions.
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4.4.2 Einstein Equation in the conformal Newtonian Gauge

In the conformal Newtonian gauge we have
k=3Hy — 3¢, x=0, U=uy, v=-VU. (4.155)

By substituting into the Einstein equation, we derive

A+ 3K
Hk + “;723¢ = —4wGdp, ¢+ = —8rGII, (4.156)
k= 127G(p + p)av , fi+ 2Hk + <3H + aA?) W =4nG (Sp+36p) .  (4.157)

To remove « in favor of the other variables, we use Eq. (4.157) to arrive at
¢+ Hp = —4nG(p+ p)av — 8*GHII (4.158)
and Eq. (4.156) can be further manipulated as
—(A+3K)¢p = 4nGa*p § + aHr = 4nGa*p [6 + 3Hv(1 + w)] = 47Ga’p b, , (4.159)

where d,, is the density fluctuation in the comoving gauge:
8, =06 —Pav=051+3Hov. (4.160)
p

Finally, the equation for the velocity can be obtained from Eq. (4.157) as

5p. 2A 43K T
LT e ) e L (4.161)
p+D 3 a® p+p

v+ Hy = —¢+

where the pressure fluctuation in the comoving gauge is
Opy :=0p —pav . (4.162)

Assuming a flat Universe (K = 0) and a pressureless medium (p = dp = 0), we can further simplify the equation as

b+19v=0, K= 2 (ay)) = 127nGpav , A¢p = —4nGa®p b, , V4+Ho=1. (4.163)

4.4.3 Newtonian Correspondence

As apparent, the relativistic equations appear quite similar or identical to those in the Newtonian dynamics. Here we
identify such correspondence made available in a particular choice of gauge. However, keep in mind that the relativistic
dynamics is intrinsically different from the Newtonian, and such correspondence is only identified in a limited case (e.g.,
linear order for pressureless media).

With 8 = 0 in the conformal Newtonian gauge, we find the velocity potential in the standard Newtonian perturbation
theory

1 1
U=v, v=—-Vvu, 0:=—-V-v=-Av, (4.164)
a a
and by taking the divergence of v in Eq. (4.163), we obtain the governing equation
1 . 1
A = = A(av) = (a®6), s 042H0 = A =4nGp b, . (4.165)
a a

The last remaining equation in the SPT can be obtained by taking the time derivative of ¢, in Eq. (4.163):

c _ Alag) _
O =~ ncas5 = 0" (4.166)
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where we assumed in this case p o 1/a®. With a proper identification of gauge-invariant variables to the standard
Newtonian perturbation theory

vy - U, ay = —py = 0P, Oy — Om s (4.167)

we find the governing equation in SPT is fully relativistic at the linear order.
Manipulating the Newtonian gauge equations, we find that the density fluctuation then follows the same evolution
equation as in the standard Newtonian perturbation theory

by + 2H6, — ATGpmdy =0 . (4.168)
With a mathematical identity
1 A A ) H .
—— |a"H" | = =0+2H5—06 | —=+2H 4.16
aQH[a <H>} + <H+ ), (4.169)

and by using the Friedmann equation with p = wp (valid for any K)
H . _
(H +2H> =47Gp(l +w)(1 + 3w) , (4.170)

we can derive a formal solution for the differential equation for §, in case w = 0:

Su(k,t) = c1 (k) H (%) / % +ea(k)H(L) (4.171)

where the first term is the growing solution and the second term is the decaying solution.

4.4.4 General Solutions

In fact, the most general evolution equation for the density fluctuation: was derived already in Bardeen (1980); Hwang
and Noh (1999) by solving the Einstein equations with full generality:

. . k2 K
Oy 4+ (24 3¢ — 6w)Hb, + [Cgcﬂ —47Gp(1 — 6¢2 + 8w — 3w?) + 12(w — cg)672 + (3¢2 — 5w)A] by (4.172)
l+w [ H? ap .\ ok k? — 3K 1 : 1 k2 , B
= L Sy == 2HTI 42 |—=— +2H + 3(1 H*| 11} |
27 [a(ﬁ+g§) <H e 7 e+ + szt +3(1 + c;)

where the equation of state, the sound speed c2, and the entropy perturbation are defined as

, cg ==, op = cgc?p +e. (4.173)

S

This equation is fully general for any A and K. In the same way, the most general evolution equation for the potential
fluctuation was also derived in Hwang and Noh (1999)

. . k2 K
Oy + (4 + 3c§)H<pX + [Cga2 + 87rGﬁ(c§ —w)—2(1+ 3c§)$ +(1+ cg)A Oy

_PEP[ M qa NTL LR
= [a(p+p) <H¢X>] + o = Fle ). (4.174)

where the source term JF is some function of e and II. These equations are greatly simplified in the absence of anisotropic
pressure 1I and entropy perturbation e. The equations in terms of conformal time can be obtained by using

.1 1 H
f=or f=s8-=1 (4.175)

a a
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In a universe with constant equation of state and K = A = e = II = 0, the differential equation becomes

2 1

" ! 2 _ _
gox—i-?)(l—l—w)?-[gox—l—wk oy =0, H = 1+3wﬁ’ (4.176)
and the solutions are the Bessel functions of order «:
_ 1 /543w
oy =y “ler(k)Jaly) + c2(k)Ya(y)] y == Vwkn, ai=g (1 n 3w> : (4.177)
In RDE (w = 1/3) and MDE (w = 0), the solutions are
1 siny ) cosy . 1 3
= — |k —cosy | + ca(k < +smy)] , w= -, a=—, (4.178)
X y? [ 1(k) ( Y (%) Y 3 2
k 5
oy = e (k) + 2% w=0, a=2, (4.179)

y° 2
where ¢ is the decaying mode. The growing mode of the gravitational potential is constant at all k¥ in MDE and also
outside the horizon in RDE, while it decays inside the horizon in RDE. Ignoring the oscillatory part insider the horizon in

RDE, the gravitational potential can be well approximated as

2 1

= gm for n S Tleq » vk s (4180)

Px
where the normalization is set at the super-horizon scale, compared to ,,. The solution for the density fluctuation is from
the Einstein equation

k? — 3K

Oy = ———— ©y -
Y 4rGpa? X

(4.181)

4.4.5 ACDM Universe

The Universe today is best described by a flat universe (X = 0) with a cosmological constant and cold dark matter. Here
we study analytical solutions in ACDM universe.

o Background equations.— A flat homogeneous universe with pressureless matter and a cosmological constant is gov-
erned by

G A 3

HY=—pmt 3 Mol = ===ty H = ~4nGpm = 3 H'Un(2).
4rG A &G 8rG
H =~ alp — Sa?, n(z) = 08 = =" HQn(2) = =5 pm - (4182)

The Einstein-de Sitter Universe is obtained by setting A = 0 and §2,,,(z) = 1. In this section, we will use ,,, = Q,,,(2).

o Perturbations.— We will derive the solutions first in the comoving gauge and derive the relation to the conformal
Newtonian gauge. The energy conservation and the energy constraint equations give

3

5 iA% . (4.183)

. 1 .
0 =0y — ky, Hry + 47Gpmby = ——Ap, = 6R™  —  Hé, + SH* Qb = ——
a a

Using the background solution for H, the homogeneous solution for d, (where the RHS is set zero) can be readily derived

as 57(,h) o H. The homogeneous solution is the decaying mode, and the particular solution (or the growing mode) can be

derived as
dt Ay, dt )
0 =0 [ (“a) = pae  ped[p s=0 s
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where the momentum constraint equation gives the conservation of the comoving gauge curvature and we defined the
growth function D for the density.* This solution is identical to that in the Newtonian dynamics despite the presence of A,
and it is indeed consistent with the general equation (4.172) with w = ¢2 = 0.

If we define the logarithmic growth rate f,

dnD 1 d 1d .
= ima " Ha PP T ma®? 7 1D (4185

the energy constraint equation can be re-arranged as

3 1 1 3Q 5 Ay
H?fD+-H*Qu,D=— — . D= Yi=1+—0 = 6y = — s
IP+ 5 H D = 2 RISk T a2 UETERSS
(4.186)
The remaining perturbations are
A : A
Xo 1= 0By . Ry = - v =8, = - X0 = 77 (4.187)

where we used D = H fD.

e Newtonian correspondence.— The velocity and the gravitational potential in the Newtonian dynamics correspond to
the conformal Newtonian gauge quantities: U* = —vy and o, = —¢,.. The simplest way to derive the relations is the
gauge transformation from the comoving gauge to the conformal Newtonian gauge:

'yv:fyXEO — L =0, UXZO_T7 @X:(pv—HT, (4.188)
1 ®
0=0y=0,—T — T=Bv=5xv=}l—“z, (4.189)
such that we derive
1 % 1 )
'Ux:_ﬁfu:_ng:_HvE y SDXZSOU+HUX: <1—Z> ©y = Xv » (4.190)

where we used a useful relation in ACDM

1 a \- 1 1\ 1 1\
! a(m):z+<gz> - 1‘22(1{2)' (+19D

The remaining relations are then

6y = 0y + 3Hvy , Apy = —%?—LQQmév : Avy, =6, , Fop =0y = 0. (4.192)

4.4.6 Cosmological Gravitational Waves

In the absence of anisotropic pressure HS% in the tensor component, the cosmological gravitational waves CSB) propa-

gate freely in an expanding universe. By decomposing the transverse traceless tensor Cg/; in terms of two polarization

basis €7, 5(k), with s = +, X, the propagation equation (4.141) becomes

. . 1
hi +3Hhj — ?Ahf( =0, hy + 2Hhy — Ahy, =0, (4.193)
where we assumed K = 0 and used

B _ 90l®

oh = 2C05(n,K) = ety (K)ht (k) + eX5 (k)R ™ (n, k) | el 5(k)e”’ P (k) = 20° . (4.194)

4Npte that the solution D is unique with the boundary condition D = 0 att = 0. So, the usual growth function D that is normalized today is
then D := D(t)/D(to) and the density is 0, (t) = D(¢)d (to).
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Mind the normalization convention for the polarization basis with s = +, X. By change of variable vy, := ahj, the
propagation equation becomes

CLH a/l
()" + <k2 - a> vy =0, H2+H = o (4.195)
On large scales (k? < a” /a), we can readily find the solution
1 dt
“uf = b = ¢50) + () / =3 (4.196)

where the first one is the growing mode and is constant on large scales. Furthermore, by assuming A = 0 and a constant
equation of state, the exact solution can be obtained in terms of Bessel functions as

Jy (kn) Y, (kn) _ 301 -w)

C1 (kq’])l/ Co (kq’])l/ s Vv i= m . (4197)

h, =

In the absence of parity violating process, two different polarization states behave statistically in the same way, and we
can omit the superscript s. In RDE (a « 7, v = 1/2), two solutions are

1 1
()" + k*vi =0, v x sin(kn), cos(kn) , L o< —sin(kn), —cos(kn). (4.198)
n ]
In MDE (a  n?; v = 3/2), two solutions are the spherical Bessel functions
2 , 1. 1
(vR)" + (k2 - 772) vk =0, v ocnji(kn) . myi(kn) | hicoc s (k) s yi(kn) . (4.199)

The second solution blows up at & — 0. Given the normalization convention, the total power spectrum of the cosmological
gravitational waves is
Pr =2(Py+ + Pyx) = Py+2 + P2, (4.200)

where P12 is the power in the helicity basis.
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