3 Tensor Algebra in a Curved Spacetime

Here we first briefly review technique of tensors and differential geometry. Needless to say that there exist a lot more
than presented here about the subjects. Then we discuss the metric tensor and the Riemann curvature tensor in a curved
spacetime.

3.1 Tensor Analysis & Curved Geometry

3.1.1 Basics in Tensor Calculus

e Manifold.— is a geometry which locally looks like a bit of n-dimensional Euclidean space R". For example, a 2d
sphere is a manifold and is locally like R2. However, they are globally different, i.e., you need many (at least two) patches
of R? to cover the sphere. This set of coordinate patches is called an atlas or a chart. So, a manifold is in a simple term a
set of open neighborhoods that look like R"™.

e Congruence of curves.— is the family of curves z*(u) that only one curve goes through each point in the manifold.
For a given vector field X#, the congruence of curves whose tangent vector is X* is called orbits or trajectories of X*:

d 1
d—a; — X* G.1)

o Contravariant and covariant tensors.— Given a coordinate transformation to cover the manifold,

~, ~ v aj# ~y 8.’17“
it = ("), — ‘895” ’ = M (FY) ‘81"” =7 (3.2)
contravariant tensors transform like a differential dz* as
~ oxH ~ oTH 0x¥
XH*(z) = XV XMW(Z) = ——X"° 33
() = 5 X" (@) (8) = 5o o XP7 (), , (33)
while covariant tensors transform like a gradient d,,¢ as
~ ox” ~ oxP 0x°
X/J(':U) = @XV(.'L') N Xw,(x) = @%ng(fﬂ) s R (34)

Of course a tensor of rank zero, or scalar, is invariant:

o(z) = ¢(x) . (3.5)

General tensors are of rank (p, ¢), and one can create one Z = XY of (p; + p2, 1 + g2) by a direct product of X
and Y with each type. Contraction in contrast reduces the rank to (p — 1,¢ — 1) by summing over one upper and one
lower indicies together.

o Tangent space and co-tangent space.— Tensors are geometric objects, i.e., independent of coordinate systems. For this
interpretation, consider basis vectors e, i.e., four basis vectors in 4D, and a simple choice is e(,) o< J,,. A vector can
be expressed in terms of basis vectors

)

V= V“e(u) y (36)

where V*# is the components. In this expression, it is made obvious that the vector is independent of coordinate systems,
and we derive that the basis vectors transform with the inverse as

Vi=Vheq) = Vie, . gy =ew) (M) = Aeg S

where we used the Lorentz transformation notation to make the structure clear, but A can be replaced with a general
transformation 0%*/0x" and its inverse. In general, at a given point p, a set of all vectors make up a tangent vector
space T), and we can define its dual space T}; or a co-tangent vector space, where a dual vector w € T} is a linear map of



AST511 General Relativity JATYUL YOO

avector V' € T, to areal number: w(V') € R. For example, consider dual basis vectors (), satisfying the orthonormality
condition, then any dual vector can also be decomposed in terms of its basis as

t(“)(e(u)) = 0F, w = w#t(”) , w(V) =w,V*. (3.3)
In this way, we can deal with vectors and dual vectors with their components only. Mind that a tangenet space T}, itself
is a different manifold with the only exceptions of Euclidean and Minkowski manifolds). All the tangent spaces 7}, and
co-tangent spaces T3 for all p in the manifold are referred to as the tangent and co-tangent bundles. One can generalize
this concept to general tensor of rank (p, ¢), which takes p dual vectors and g vectors, and a tensor of (p, ¢) can be written
in terms of tensor components

T =T e @ ®ep,) @t @ @t 3.9)

e Lie derivative.— In a curved spacetime, no two quantities at two different points can be meaningfully compared. This
implies that a differentiation in a curved manifold needs to be re-considered, and a simple coordinate differentiation of
any tensor does not transform tensorially. The Lie derivative £ x defines a differentiation of any tensor along a tangent
vector X*. Now consider a coordinate transformation

ot =zt + e XH | le] < 1, (3.10)

and interpret it in an active way, i.e., we move the point x}, to another point =/} := Z along X* by an infinitesimal
amount ¢, rather than the same physical point in a passive interpretation. A tensor at x4, can be approximated as

T‘“’(:cq) = T’“’(a:p) + e XpapT’“’(xp) + - 3.11)
in the limit £ — 0. With
ozH " u
D’ =0l +c0, X", (3.12)

we shift the tensor at the point p to the point g (active transformation):

S QY
_ozrozv

ThY (&) = 7 9 (z) = TH (x) + e |0, X" TP (z) + 0, X" TH (z)| + O(e?) (3.13)
Now we define the Lie derivative as
£xTH = ;1_13(1)% [T’“’(:pq) — Ts‘fl’i’ft} = XP0,TH —THPO, X" — TP 9,X" , (3.14)
and a few more examples are
Lx At = A" XV — XM AV, LxTyy =T p X + T XP 0+ Ty X? . (3.15)

The Lie derivative is independent of coordinate systems and preserves the tensor rank. It reduces to ordinary differentia-
tion with respect to V, in case X* = d,,. Furthermore, it is linear in the tensor field and satisfies the Leibniz chain rule.
All the partial derivatives in the Lie derivative can be replaced in terms of covariant derivatives defined below.

o Covariant derivatives— Similarly, a vector field V# at a point ¢ can be approximated

VH(zg) = VH(ap) + 0270, VH(xp) + -+, xl =l + ozt (3.16)

if two points are close to each other. However, this vector cannot be directly compared to the vector at a point p, so we
shift the vector at p to the point q. With infinitesimal displacement, the shifted vector at ¢ can be written as (or again
actively transform)

Vaniee (Tg) = VF(xp) = T, (2p) VP (wp)02” + -+, ot VP =i —Th VPiz" (3.17)

S
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where the affine connection I' is defined in terms of a proportionality constant. Now we define the covariant derivative as

) 1
Vi =V VI = Tim 2 [V () = Vi = 0, V" + TRV (3.18)
Note that £x7T" and X#V T are similar, but different, in that the latter is a covariant derivative of a tensor 7" at a given
point followed by an inner product with X*#, while the former is a comparison of 7" separated by X*. Given the definition,
we can readily derive

V= 0,6, X = X — 10, X, T¢, =T, + 1T T3 T, (3.19)

po-v vpro

Contraction over two indicies commutes with the covariant derivative:

a;=c

(3.20)

a1-a;=cC-an \ __ a1-Gn

bi =c

e Geodesic and Affine connection.— Geodesic is in a simple term a straightest possible curve in a curved manifold. For
example, in a sphere, geodesic provides a shorted path (a great circle on a sphere) between two points, and a parallel
direction at a one point is no longer parallel along the geodesic. Note that any parallel direction remains parallel in
Euclidean geometries, when shifted to any points.

If we demand that the covariant derivative of a contravariant tensor transforms as (1, 1) tensor, we derive that the
affine connection transforms as

-\ 0% 02" 9a° p ozt 9%xP
W 9xp 93k 9z T QP 0FMOTY

Any quantity which transforms as above is called an affine connection, and a manifold with affine connection is an affine
manifold. A torsion tensor can be defined as

(3.21)

T/éLU = Fi)Lo - ng ) (322)

and indeed it transforms tensorially, as the non-tensorial part in Fﬁy is removed. If the torsion tensor vanishes identically,
the affine connection is symmetric over the lower indicies.

e Parallel transport and geodesic equation.— Given a curve z/(u) and its tangent vector X *, we define a total derivative
and a parallel transport along the curve:
D D
—T:=VxT =X"V,T, —T=0. (3.23)
du du
Furthermore, if a tangent vector X* is parallel transported along its curve z*(u) to be parallel to the tangent vector, this
curve is called an affine geodesic:

A2zt u dxzP @

XM= AXH o
Vx ’ du? P7 du du

= A(u) X", (3.24)

where ) is a constant. Alternatively, this can be derived by shifting the tangent vector at p to ¢ and using dz* = X*du.
When A = 0, or the parallel transported tangent vector is exactly the tangent vector, this parameter is called an affine
parameter s, and the geodesic is invariant under re-parametrization s — ¢ s + co with arbitrary constants ¢; and c».

o Tensor density of weight W.— transforms tensorially, but with extra power of the Jacobian J:

P Wafé““.axp oo
A N T

(3.25)

For instance, we will always deal with the metric tensor g,,,,, and its determinant is denoted as g. Then, /—g is a scalar
density of weight —1 (other literature might use different sign convention, or weight +1):

. OxP 0x° - 1

G (Z) = @@gpa(aﬁ) , vV-—g=J V—g. (3.26)
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The volume factor d*x is of weight +1, so that \/—g d*z is an ordinary scalar. In the same way, for any vector density V(’;V)
(or tensors) of weight W can be made an ordinary vector:

vi=(v=9)" Vi, » V, V= 0,V! +Th VY. (3.27)

Under the assumption that the covariant derivative of the metric tensor vanishes (which is true, if the connection is the
Christoffel symbol), we can show that the covariant derivative of a vector density V(’I’;V) of W is

VoVivy = 0V + Do Vi) + WL, Vi (3.28)

with one extra term, which is also true for any rank tensor density T[)‘UV.'.'.'(W). In fact, this formula is valid, even if the
connection is not Christoffel symbol (use the transformation rule). As a special case, we obtain

vuV(L = GMVL

) Py (3.29)

and hence we derive

1 9
__ -
v,V = 5

This can be directly verified by an explicit calculation of the covariant derivative with

(V=g V*"). (3.30)

1 0
e Vo 3.31
from Eq. (2.11).
3.1.2 Levi-Civita Tensor and Matrix Determinant
The Levi-Civita tensor is defined always in any coordinates as
etP? = 41  for even of txyz , etP? = —1  forodd, (3.32)

where the coordinates run in sequence.! Given this definition of the Levi-Civita tensor and any 4-by-4 matrix M = M, s
the determinant of M can be derived as

1
det M := &7 My, Mo, My Mig = 5567771 Moy, Mg, My Mso . (3.33)

To demonstrate that the Levi-Civita symbol is in fact a tensor density of weight +1, we consider

0z 93P i 0°
ozt Oxv JxP Ox°

ghvpo — JeoBvo (3.34)

Given the nature of index structure in LHS, the right-hand side should be proportional to €79 and the proportionality
constant can be computed by considering the reference sequence (txyz for a3y9). Furthermore, we infer another useful
relation

det ML - ghvP? = BV Nk MY s MP, M s (3.35)

for any matrix representation M = M*,,. The covariant Levi-Civita, defined by lowering the indicies with g, as

Eaprd = Japdpudrpdss EMP = g P10 (3.36)

is then a tensor density of weight —1, as g is a density of weight —2 and the weights add up for a product of two tensor
densities. Note that the indicies are down (co-variant), and the equation simply indicates that the value of the LHS is
identical to the RHS given the index values. The second equality can be derived by the same inference and using the
reference sequence.

tryz _ ~zy=zt

"For example, coordinates can be t, x,y, z or t,r,0, ¢. However, mind that ¢ = —¢ , so the coordinate sequence should be checked.
The normalization convention can also be different, for example, €212 = 1, or '?3° = 1 = —£°!?3, In some cases, the convention 9123 = 1 is
adopted.
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Now consider a matrix representation M = M,,, and its inverse M~ = M" there exists a useful identity

M’“’iMyu =Tr|M '9,M| = 9 4, | det M|, (3.37)
o™ oz
and we can readily show that
1 0 1 0
— g g — Iz M = =/
apg - g g apg,ul/ - 29 F,UP 9 . Fup - 2g axpg - \/jga$p g 9 (3‘38)

where we used the relation between g,,,, and 'y, in Eq. (2.11). Since g is a scalar of weight —2, this relation leads to

Vug=0, VoG = 0. (3.39)
Some useful identities are

" pe = g 4!, M e vpo = g 310k, (3.40)

SE v +1 WFEV, pU=K, V=C¢
P epe = 29 01T == 2g ‘ 5'; 5’; ' =< -1 pu#v, p=¢, v=kK |, (3.41)

€ € .
0 otherwise
where we assumed four spacetime dimension. g = —1 in the Minkowski and ¢ = 1 in the Euclidean.

3.1.3 Differential Forms

A differential p-form is a tensor of rank (0, p) with completely anti-symmetric indicies. A scalar is (0,0), and hence a
O-form. A co-vector (dual vector) is (0, 1), and a 1-form. The E&M field strength tensor F),,, is (0, 2) and anti-symmetric
over its indicies, and hence a 2-form. There is no p-form in d-dimension, if p > d. In n-dimension, there exist only

n n!
< p ) “pln—p)!’ G.42)

number of independent p-forms. A wedge product of p-form A and g-form B is a simple product, but their indicies should
be anti-symmetrized:

(p+9)!
ANB = ol (- Bupog) = (FDPIBA A (3.43)
For instance, consider ¢, A, B,,, and we obtain
(GNA), = A, , (ANB) = 2A,B, = AuB, — A,B,, . (3.44)

With a coordinate independent notation, a differential p-form w can be expressed as
W= Wy oopyy, (AT A - Adzt?) (3.45)
An exterior derivative d increases the rank of a p-form A by one:
(dA) o pipir = P+ DOy Ay ] (3.46)
and the simplest examples are the gradient and the curl
(do), = 0uo, (dA)uw = 20,4, = 0, A, — A, . (3.47)
Due to the anti-symmetric nature, a repeat application of the exterior derivative is always zero:
0=d(dA) . (3.48)

A p-form F is called closed if dFF = 0, and is called exact if there exists a (p — 1)-form A with F' = d(A). All exact
forms are always closed, but the converse is true, provided that the manifold is simply connected. For example, the E&M
field strength tensor F),, is a 2-form, which can be expressed in terms of a 1-form A,

Fuy = 0,4, — 0,4, = (dA), dF =0. (3.49)
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As noted in E&M, however, A 1 18 not uniquely determined, as
F=d(A)=d(A), A=A+du, (3.50)
where we introduced a (p — 2)-form u. In E&M, du — 0,,¢, corresponding to the gauge transformation.

o Stokes’ theorem.— While it makes little sense to compare or manipulate quantities at two different points, it is fine if
the quantities are scalar. For example, a summation of a scalar field at two points remains invariant under a coordinate
transformation:

O(Z1) + ¢(Z2) = ¢(z1) + (1) - (3.51)

Drawing on this concept, we can construct an integral over some region in the manifold. As discussed before, however,
the coordinate volume factor d*x is of weight +1, such that we need to include a scalar of weight —1 in the integration to
compensate for it. Consider the volume element of m-dimensional subspace in n-dimensional manifold

AV HL B §H1Bm % dz”

1
VEVm duy Ou du---du™, m<mn, (3.52)

where the curves are parametrized as z*(u). This volume element is a tensor of rank m (and density 0) and invariant
under re-parametrization of the curves with u. A covariant tensor X, ...,,,,, of rank m can be used to construct a scalar
and form a volume integral over the m-dimensional subspace €2:

/ Xy iy AV (3.53)
Q

For example, consider a 2D curve z* = (x,y) parametrized in terms of u* = (r, #), and the volume element is then

ox* ozY¥  OxY 0x®

ozt 0x¥
Ty _ sy 27 7 - =
v d 8u1 8uQ 8u1 8UQ

i 8u1 Gug

duldu® = < > duldu® = r dr df = —dVV* . (3.54)

In 4D, the ordinary volume element and the surface element are related as

1 1
AV = Igwpa(,ﬂ/l“’p" = g dtdxdydz , ds, = gswpng”pU = g (dxdydz, dtdydz, dtdrdz, dtdzdy) .

(3.55)
The Stoke’s theorem states that in a m-dimensional sub-space the integral of a covariant tensor of rank (m — 1) over
the boundary 0f2 is equal to the integral of a derivative over the volume €:

/ ){—Nl"',uﬂmfld‘/'lul.“'um_1 - / 8“77LXM1"'Mm71dvuln.um N (356)
o0 Q

Special classes of this general Stoke’s theorem are

/V-FdV:/F-dS, /VxF-dS:/F-dI‘, (3.57)
S S T

the Gauss divergence theorem and (also) the Stoke’s theorem in three-dimensional space.

3.2 Metric and Riemann Curvature Tensors

With the equivalence principle, one can always find a coordinate, in which the metric is locally Minkowski g, = 7,
and hence the Christoffel symbol vanishes ', = 0. Hence, anything that distinguishes from the Minkowski spacetime
should come from at least the second derivatives of g,,,,. This also implies that the metric alone is not enough to prove that
the spacetime is curved, i.e., the metric in a spherical coordinate is not Minkowski, but the spacetime is in fact not curved.
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3.2.1 Metric Tensor

Any symmetric covariant tensor g,,, of rank two can be used to define distances of any vectors. In particular, the line
element or infinitesimal distance between two neighboring points is

ds? = G (z)dxFdz” (3.58)

where ds? can be either positive or negative despite the notation. Our convention is mostly plus, such that the interval
is called time-like for ds®> < 0, space-like for ds®> > 0, and null for ds?> = 0. The metric tensor is often called the first
fundamental form. A manifold with a metric is called a Riemannian manifold. Given the metric tensor, its inverse g** and
the determinant g are

"’ gp, =01, g :=det g, . (3.59)

e Metric geodesic.— Consider a time-like curve z*(u) and the distance between two points is

q ds dxH dxv
— ds = [ du — = [ du\/ —g —— . 3.60
s /p s / U Tu / U I 0 du ( )

By using the Euler-Lagrange equation with respect to dz* /du, we find that the path z* minimizing the distance between
two points should satisfy

d%x¥ dx¥ dxP d?s (ds\ dx¥
-~ 2222 i 3.61
I gz tvp, du du du? <du) Iy (361)
or by removing g,
d*at LK da” dzf _ _@ ds - dat ’ (3.62)
du? vp | du du du? \ du du
where we defined the Christoffel symbols of the first kind and the second kind:
1
{I/p, ’{} = 9 (aogun + augpm - 8l€gl/p) ) (3.63)
1
{ ;jjp } = glm{yp’ F@} = iglm (apgm + &/gpn - aﬁgl/p) . (3.64)
If we parametrize the curve in terms of s, the geodesic equation becomes
d?aH wo | dz¥ dx? dx* dz¥
— =0 —1l=g9p——— 3.65
ds? { vp } ds ds ’ s Tds (3.65)

It is now apparent that the affine and the metric geodesics coincide, if we equate the affine connection to the Christoffel
symbol of the second kind:

Lok
Fllfp = { lpr } = 59” (0pgljl€ + al/gpn - 8ngup) . (3.66)

This automatically leads to the vanishing torsion tensor and the metricity condition
1y,=0, 0= Vo9 = Guvp — Upp 9o — Ty Gue - (3.67)

For the latter, one can go to a free-falling frame to see the triviality. Alternatively, if we assume the metricity condition,
we can show that the affine connection is the metric connection.

In short, if we take the Christoffel symbol as our affine connection, the metricity relation holds, and the converse is
also true (see § 3.1 of Wald (1984) for the uniqueness). The metricity relation can also be derived, if we demand that the
inner product of two vectors remains unchanged, when both vectors are parallel transported.
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3.2.2 Riemann Curvature Tensor

Unlike coordinate derivatives, covariant differentiation does not commute. A straightforward computation yields

XFpe = 0 (0, X1 +TH,X) + T, (0,X" +T5,X") — T, (0. X" +TH.X") , (3.68)
Xlu?‘fp = aﬂ (aUX# + FﬁoXy) + ng (aUXH + FSJXV) - F;p (&ﬁX'u + FIP/L/@XV) ) (369)

and we obtain

VoV, Xt =V, Vo X = 2XH 1 = R, XY — TV, XH (3.70)

iloo]
where T, is the torsion tensor and we defined the Riemann tensor in terms of the Christoffel symbols only:
RrRE =T TV +T¢ I8 -1 T8 =10 T8 —I¢ThH 41 TH . (3.71)

vpo vo,p vp,o Vo pe vp~ o€ vo;p vp;o Vot pe vp~ o€

Despite the appearance, the Riemann tensor is indeed a tensor, transforming tensorially. We will consider only the con-
nections with vanishing torsion 75, = 0: The Riemann tensor has all the information of the geometry, such that how any
four vector changes locally is fully determined by the Riemann tensor

1
2“#;[Vp] = UURU#VP , up;[l,u] = §Rp(w,,uo . (372)

Consider a small closed path (or a round trip) and parallel transport a vector along the path. Only when the Riemann
vanishes identically, the transported vector (or any tensors) will come back to the original configuration, regardless of
paths taken (see my note).

e Symmetries in Riemann tensor — With the metric tensor, we define the Ricci tensor R, and the Ricci scalar :
Ry =R v, R = Rﬁ =" Ry, , Riuvps = gunR"vpo - (3.73)
Given the definition, the Riemann tensor has the symmetry in its indices
Ruvps = Riyw)jpe) = Rpopw - 3.74)
Furthermore, due to the symmetry in the connection, the Riemann tensor satisfies
RFypo + B por + RFgup = RY ()00 = 0. 3.75)
It can be shown that the Riemann tensor satisfies the Bianchi identities: (use the normal coordinate in Section 3.3.1)

R,U,l/pa';li + Rp,l/np;a + R,uz/ali;p =0. (376)

e 2D Sphere as an example.— Given a metric tensor in a 2D sphere of radius r

ds? = g drtdz” = r?(d6? + sin? 0 d¢?) , (3.77)
we first compute the Christoffel symbols

%, =—sing cosd, Iy, =cotd (3.78)
and the Riemann tensor

R 49y = sin?0 Ry = sin’0 , Rog=1, R==. (3.79)
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3.2.3 Weyl Conformal Tensor
The symmetries in the Riemann tensor reduce the degree of freedom from n? to

n?(n? —1)

B dof . (3.80)

RY) o 2

For the case of four-dimensional spacetime, the degree of freedom is reduced to 20 from 4* = 256:
* n = 1: the Riemann tensor vanishes identically R*,,, = 0, i.e., dof is zero,
* n = 2: only one component of the Riemann tensor is independent, i.e., dof is one, essentially the Ricci scalar R,
e n = 3: six dofs are essentially captured by the Ricci tensor R,

* n = 4: twenty dofs exist. Ten of them is represented by the Ricci tensor 1, and the remaining ten by the Weyl
tensor C* 5.

The (traceless) Weyl curvature tensor or the conformal tensor is defined as

1 R
C,u,upcr = R,u,upo— - 5 (g,upRl/cr + gl/oR,up - glpr,uo - g,uaRup) + E (g,upgl/o - g,uogz/p) ) (3.81)

where the factors 2 and 6 in the denominator are indeed (n — 2) and (n — 1)(n — 2) in n-dimension.

Like the Riemann curvature tensor, the Weyl tensor expresses the tidal force that a body feels when moving along
a geodesic (see Section 3.3.2). The Weyl tensor differs from the Riemann curvature tensor in that it does not convey
information on how the volume of the body changes, but rather only how the shape of the body is distorted by the tidal
force. The Ricci curvature, or trace component of the Riemann tensor contains precisely the information about how
volumes change in the presence of tidal forces, so the Weyl tensor is the traceless component of the Riemann tensor. In
other words, the Ricci tensor is algebraically set by matter distribution through the Einstein equation, but the Weyl tensor
is determined by differential equations with suitable boundary conditions.

The Weyl tensor has the same symmetries as in the Riemnann tensor, in addition to the traceless condition (metric
contraction on any pair of indices yields zero)

C'yue =0. (3.82)

Two metric tensors are conformally related if
v = P (2) v (3.83)

for a non-vanishing differentiable function {2 in the manifold. Two metrics describe two different geometries, but the
causal structure (or null geodesic) is identical, and the Weyl tensors are also identical:

CFrpo = C ey - (3.84)
If the Weyl tensor vanishes identically, the metric is conformally flat:
v = P (3.85)

and the converse is also true. For instance, the background FRW metric is conformally flat.

3.2.4 Killing Vector and Maximally Symmetric Spacetime

o Killing vectors.— A metric g, (x) is called form-invariant, if

guu(x) = g/w(x) P (386)

under a coordinate transformation for all x, and this transformation is called isometry. Note that this condition is different
from the condition for a scalar gg(i“) = ¢(x). Given the transformation law for a metric tensor, the condition for a form-
invariant metric puts a very complicated restriction on the transformation. For an infinitesimal transformation, this can be
expressed as

0=C&u +&u=Leg, =t 4+ H(x) . (3.87)
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Any four vector that satisfies this equation is called a Killing vector. The vanishing Lie derivative states that the metric

tensor remains unchanged along £#. Given the structure of the Killing vector, the full functional form of £#(x) in the

manifold is fully determined by £ and its derivative £, at some point p (see Weinberg (1972) § 13 for more details).
For two Killing vectors &4 and &4, we can readily show that

[617 g?]“ = ggvuff - flfvuig , (3-88)
is another Killing vector
[Le,, Ley] Guv = Lig, g9)90 = 0. (3.89)

For a geodesic $§f and its tangent vector k#, the inner product £, k* with any Killing vector £ is conserved along the
geodesic:

D v 1% 1 1%
i (Eukt) == k"V, (k") = EFEVV €, = 5]4:“/{ (Vi€ +V,0u&)=0. (3.90)
In the same way, a current J# := T""¢, of an energy-momentum tensor 7),,, and a given Killing vector &, is also
conserved: )
VypJt =TV 8 = §TW (Viéu + V&) =0. (3.91)

e Stationary metric.— The spacetime metric is said to be stationary, if there exists a special coordinate, in which the
metric tensor is independent of a time coordinate (or stationary),

9
=2 g, 92
0=, 9 (3.92)

which means the metric tensor can depend on z° in other coordinates (which is ¢ in this special coordinate). This obser-

vation can be generalized by considering a time-like vector £# and a special coordinate, in which

0
=4 0= Legu = gupl'hy + g,,pI‘Zt , pn Guw =0, (3.93)

where the vanishing derivative is obtained by using g,,,.+ = 0. Hence, a spacetime metric is stationary, only if a time-like
Killing vector exists.

o Static metric.— In the same way, if the metric admits a time-like Killing vector orthogonal to a coordinate hypersurface,
the spacetime is called static. Since the Killing vector is time-like, the spacetime is stationary, and with the orthogonality
to the hypersurface as an extra condition, the space-time cross-term cannot exist:

dr == (0,dz") , 0= g é'da¥, S 0=gy . (3.94)

This also implies that stationary metric can still have space-time cross terms. Note also that only the space-time cross
terms in metric changes sign under time-reversal, so that static metric is invariant under time-reversal. For example,
a rotating system can have stationary fields, but it is not invariant under time-reversal, because of the cross terms or
directionality of the rotating system. So, static metric is irrotational and stationary.

This condition can also be generalized by considering a hypersurface 3 and a function on the surface:

f(2%,) = constant , s P o VHf for at € X (3.95)
Defining £ := A\(x)V* f, one can show that the static condition is satisfied, only if
’S[uvl/fp} =0, (3.96)

where the three indicies are totally anti-symmetrized.

o Spherically symmetric metric.— Furthermore, a spacetime is said to be spherically symmetric, if three linearly inde-
pendent spacelike Killing vectors X; exist and satisfy

X1, Xo] =X3, (X2, X3] = X1, (X3, X1] =Xs. (3.97)
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These three Killing vectors represent the rotational axes in three sphere.

o Maximally Symmetric Space.— is defined as a space that possesses the largest possible number of Killing vectors, and
it is homogeneous and isotropic. On an n-dimensional manifold this number is n(n + 1)/2, and it is easy to understand.
Consider an Euclidean space R", where the isometries are translations and rotations — there are n translations, one for
each direction we can move, and n(n — 1)/2 rotations, i.e., (n — 1) rotation axes for each direction we want to rotate.
This applies to spacetime with non-Euclidean signature. For n > 2, there are more Killing vectors than the number of
dimension. Strange at first, because more than n vectors in n-dimension cannot be independent at any point. However,
Killing vectors here mean actually Killing vector fields, and a linear combination of Killing vector fields with constant
coefficients is still a Killing vector field.

® Maximally symmetric spacetime.— is described by a constant curvature (Ricci scalar R) at every space and time. There
exist three cases: Minkowski (R = 0), de Sitter (R > 0), and Anti-de Sitter (R < 0). D-dimensional de Sitter spacetime
is a sphere Sp (D > 3) embedded in a (D + 1)-dimensional flat spacetime. D-dimensional AdS is a hyperboloid
in a (D + 1)-dimensional flat spacetime. The Riemann tensor and the curvature scalar of a maximally symmetric D-
dimensional spacetime are

Ruupa =K (g,upgua - guagup) ) R= D(D - 1)K ) (3.98)

where K and R are both constant. The normalization convention is consistent with our FLRW notation, i.e., RB®) = 6K.

e Birkhoff’s theorem.— The metric outside a spherically symmetric source is static in general relativity (R, = 0). In
Newtonian gravity, time-dependence and spherical symmetry are independent. For example, if a pulsating mass distribu-
tion maintains spherical symmetry, the metric outside the source is static, i.e., no gravitational waves.

3.3 More on the Curvature

3.3.1 Riemann Normal Coordinate

General covariance allows a coordinate system, where the metric is locally Minkowski and the first derivative of the metric
vanishes (so do the Christoffel symbols)

Guv = Npv » Juvyp =0, FZV =0. (3.99)

Riemann normal coordinates realize such coordinates by using a set of four geodesics (one time-like and three space-like)
starting from the fixed point P. Fermi normal coordinates are a specific extension of Riemann coordinates such that holds
for every point along a fixed time-like geodesic.

Consider a coordinate transformation between z# and x“, in which x® represents a local normal coordinate. The

metric tensor transforms as 93 9
T 0" -
Gab = %w Juv = guy[ea]“[eb]l’ , (3100)

and with 16 dof in the transformation at P (tetrad vectors)

, (3.101)

we can make the local metric Minkowski g5 = 74p at P (only the symmetric part of 16 dofs participates). We want to
show that the first derivative of the metric in the normal coordinate vanishes at P. Now consider three geodesic paths
emanating from P along the spatial tetrad directions, and we parametrize them in terms of proper distance d\ = ds.
Using these geodesics and assigning the proper interval to the local coordinate x?, we can construct a coordinate system
in the small neighborhood of a point P

7 - L d"z# n fod 7 1 o, 1.7 a
ﬂc“:Z;MM N =k [elpal = 5 T [elplelpa's’ +0 (af) =0,  (3.102)
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where we used

dx’ d?zH dzf di°  d*zH
=1 = e = s : 3.103
d\ ’ 0 d)\2 + PT AN dX d)\2 + [ } [ej] ( )
To compute the metric in the normal coordinate, we need to compute the derivatives of the coordinate transformation:

T+ oty 0 : .
o = ool ) + 0 = e — Tl | el + O, (3.104)
oz H 1 P o0 2
ook — Ot lenlp =T leidplen]pa’ + O(2%), (3.105)

where the tetrad vectors are constructed along a time-like path parametrized by «°

D ~ Oleg)*

= — Je;|* =
0 da lei] 0z9

+ Iy leil?[ed]” (3.106)

and they are independent of .
Therefore, the metric tensor in the normal coordinate around P is to the zeroth order and the linear order in 2*:

ozt ozv
Gab = @w Guv = <[€a]llfv - Fgo'

el ) (Tl - 1%

P[eﬂf’[eb@ﬂ) <g,%; . g,{;p[ek]gxk)

= [ealples)pdi, + (g/w,p T Y 9WFZV> lealples)pledpa’ + O(a?)
P
= N+ 0+0(2?), (3.107)

where the round bracket at P vanishes, as Vg, = 0. Indeed, the local metric tensor at P (' = 0) is the Minkowski and
the first derivative of the metric at P vanishes.

3.3.2 Geodesic Deviation Equation

Due to the equivalence principle, one cannot measure the gravity in a free fall, as the test particle and the laboratory are
moving together. However, two test particles separated by £# will follow different geodesic, and the time evolution of its
separation can be measured. That is described by the geodesic deviation equation in general relativity. In the Newtonian
gravity, it is described by the tidal force (or differential gravity):

¢

& 5 k 3.108
a2~ 8;173837"35 (3.108)

We will derive the geodesic equation in a curved spacetime. Consider a geodesic path x‘; in terms of an affine
parameter A\, and the geodesic equation is

d2 yn dxP dx® dt.u dzt
€T I‘/‘ X X huadi Fu tpto' tl/vytu , tl" = i (3109)

O: _ =
d\? o dx dx — dx dx ’

where we defined the tangent direction ¢#. Again consider another geodesic path i‘; parametrized by the same affine
parameter, and the separation between two geodesics at \ is

b g gk (3.110)

Assuming two geodesics are nearby |¢ f\‘ | < 1, we can expand the geodesic equation for Z* and derive the equation for £+
to the linear order as

den dx? dx° dgP da”
0= v 2T . 3.111
d\? MR dX dh e d\ d\ ( )
Now we compute how the separation vector is transported along the geodesic, or the change in £# along the flow:
D der
—&Hh =t M= —= 4+ 10,807, 3.112
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and the rate of change in £# along the flow (or the acceleration) is

D? d [ der S
g — 2 IS L TH gPte TH [ 2o 4 1€ gPo )¢5
cl)\2g d\ <d>\ oot > e <d)\ + po—§ )
d2gr 0 dge
= 2 4 tF D EPE7) 4 TH >t 4 ¢ _TH £Ptotr
o 1 g (Tpott7) + Tt + T The
= 0+ gptntg (Fgo,m - Flféo,p + FZUer - Ffrnrl/fe) = R#U'ﬂptgtngp ’ (3'113)

called the geodesic deviation equation, where we manipulated in the third line

d 14
(nggpt“) =Tk, Pt + 1“50%75” + TH &P (—T7t5t) . (3.114)

tr 9
oxr

In the Newtonian gravity, the vacuum equation is the Laplace equation:
V=0, (3.115)
i.e., the tidal tensor is traceless. In the same way, the vacuum equation in a curved space should correspond to
0= R\ tt" | (3.116)
for any given direction ¢, implying that the Laplace equation corresponds to

R, =0. (3.117)

3.3.3 Palatini Equation

In the Riemann normal coordinate, the Christoffel symbol vanishes I'f;,, = 0, while its derivatives are non-vanishing
I'fu.+ # 0. Hence the Riemann tensor in this coordinate is simply

RYype = 0pIl, — 0,10, . (3.118)

Now we change a coordinate, and all quantities will transform accordingly. The variation of the Riemann tensor in the
normal coordinate is then
RV, po = 0,(01,) — 05 (6TY,) (3.119)

where we used the commutation relation between partial derivatives 9, and variation J. Since the variation in the Christof-
fel symbol

orn, =10, —T%, (3.120)

is the difference in Christoffel symbols, it transforms tensorially (one can verify by an explicit computation), and hence
the expression for the variation of the Riemann in any coordinates should be

R ype = Vp(0T05) — Vo (3I%,) . (3.121)
This is called the Palatini equation. Contracting 4 and p, we then obtain the variation of the Ricci tensor as

SRy =V, (01%,) =V, (I%) . (3.122)

3.3.4 Tetrad Formalism (TBD)
e good discussion in Carroll p.88, concise in Wald 3.4b, Weinberg 12.5
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