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Exercise 1 (4 points)

a) Derive the gauge transformations of the metric and matter scalar perturbations «, 3, ¢,
v, U and v

b) Check that the scalar variables ¢, ¢y, vy, @s, d, and a, defined in the lecture notes are
gauge-invariant.

Hint: You can solve a) by using that 0¢g,,(z) = —L¢g and deu* = —Leut as described
in the lecture notes. Having solved a), the fact that ¢,, ¢, v, and a, are gauge-invariant
follows easily. To show that ¢s and ¢, are gauge-invariant, you additionally need to consider
the gauge-transformation of the stress-energy temnsor, d¢7},, to determine how 6P and dp

transform. Assume a single fluid with constant equation of state, so that p oc a=30+),

Exercise 2 (4 points)

Consider a spatially flat inhomogeneous universe described by a metric fixed to the conformal
Newtonian gauge:

ds? = —a?e?¥dn® + azeméaﬁdxadxﬁ. (1)

Assuming the energy-momentum tensor of an imperfect fluid with equation of state w, derive
the following relations, expanding Einstein’s equations to linear order in perturbation theory:

V20 = —4rGa’pld + 3Hv(1 +w)], &+ ¥ = —-8rGII. (2)

Hint: : the Poisson-like equation can be obtained combining the nn and the an components of
the Einstein’s equation, while the constraint ® + ¥ = —87GII (sometimes called gravitational
slip equation) can be obtained from the a8 components. This last computation can simplified
notably if the terms proportional to d.s are neglected. Why is this legit?

Exercise 3 (2 points)

Show that on scales k < H the comoving-gauge curvature perturbation ¢, = ® —Huv is related
to the Newtonian potential ® as

o+ 3w

Pov = qu (3)

Assume that there is no anisotropic stress, II = 0, and use that ® = 0 on super-Hubble scales.
Hint: Use the relation 127G(p + p)av = 3HV — 3® as given in the Lecture Notes.



