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Exercise 1 [5 points]
a) Starting from the energy-momentum tensor of the inflaton field,
1
T,uu = uqb al/¢ - §gw/ap¢ @% - g,uuv(qb) ) (1)
and considering scalar perturbations in the conformal Newtonian gauge,
1
ds® = —a?(1 + 2a)dn* + a*6,5(1 + 2¢)dz*da” wW=-1-a,-U%, (2)
a
derive the linear-order fluid quantities:
0p= 086 —ad’+9,Vos, 0p = 60— a ¢’ — V. (3)

b) Derive the equation of motion for the linear perturbation in the inflaton field:
dp+3Hop + (8§,V+ E)&b: pla+rK)+ (20+3Ho)o. (4)

Note that this equation is in Fourier space and k is the wavenumber. Also, recall that
k =3Ha — 3¢, and that & = —¢p in a universe without anisotropic stress.

Exercise 2 [5 points]

Assume that the potential energy of the inflation field reads

V(g) =Xro*, (5)
and recall the slow roll condition
M3, (1 av>2 1
€p)=— | =—— | <1, Mp = , 6
D=2 \vap Y VERG R

where the field is rolling towards ¢ = 0 from the positive side.

a) At what value of ¢ is this condition broken? Assuming that inflation ends at ¢ = 1, show

that the number of e-foldings,
tle=1
((t;) = In <M) ; (7)



occuring during inflation is given by
(t;) = 7G (67 — 8MZ) . (8)

for some initial value ¢; = ¢(t;).

Hint: What is ¢? Recall the evolution equation for the scalar field, and that we can
neglect é in the slow-roll approximation. Furthermore, recall that H is related to the
energy density of the universe via the first Friedmann equation. What dominates the
energy density during inflation?

Starting from equation and the first Friedmann equation, show that

6= 61 exp [—\/%Mgl(t—m] . ©

Then, again starting from the first Friedmann equation and using the solution above for

¢, show that
2 64\ M2
log (ig?) = —8¢Z§1 [1 — exp (—\/ —3 Pl — tz))] . (10)

Expand the solution above for small time differences ¢ — ¢; and show that inflation is
approximately exponential in the initial stage, i.e., a oc eff*. Show that the constant w
is equal to the Hubble parameter during inflation.




