2 Newtonian Perturbation Theory

2.1 Standard Newtonian Perturbation Theory

2.1.1 Summary of the Governing Equations
In Newtonian dynamics, fully nonlinear equation pressureless fluid (CDM and baryons) can be written down:
.1 1 . 3H? 1
S+-V-v=—=V-(vd), VA+HY v ——aQnd = —=V-{(v- V) V], V3¢ = 41Gpa’s .
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(2.1)

The Euler equation can be split into one for divergence and one for vorticity. The vorticity vector V X v decays at the
linear order. At nonlinear level, if no anisotropic pressure and no initial vorticity, the vorticity vanishes at all orders.
However, in reality, the anisotropic pressure arises from shell crossing, generating vorticity on small scales, even in the
absence of the initial vorticity. Of course, baryons are not exactly pressureless; they form galaxies, and their feedback
effects are also important up to fairly large scales. These all modify the SPT equation.

e regime of validity, measurement precision, analytic vs numerical simulations, galaxy surveys

2.1.2 Basic Formalism

We consider multi-component fluids in the presence of isotropic pressure. In case of n-fluids with the mass densities o;,
the pressures p;, the velocities v; (¢ = 1,2, ...n), and the gravitational potential ¢, we have

1 n
Qi+V'(QiVi) :0, \‘/i—FVi'VVi:—fVZ)i—V(I), VQ(I):47TGZQ]' . (2.2)
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Assuming the presence of spatially homogeneous and isotropic but temporally dynamic background, we introduce fully
nonlinear perturbations as

0; = 0;i + 004, pi = Di + 0p; , v; = Hr + u; , ®=o+5P,(2.3)

where H := a/a, and a(t) is a cosmic scale factor. We move to the comoving coordinate x where

1 0 0 0 0 0
ri=a(t)x, V= Ve=oVa, ot "ot otk (875 rx) Vx Ot‘x X Vx
2.4)
In the following we neglect the subindex x. To the background order we derive
B _ : 9o G 4nG _ o 871G _2F
0i+3Hp; =0, H+H? =~ =——~ j 9 H —Szjjgijaz,(ZS)

where the second equation is derived by taking the divergence of the Euler equation and for the third equation we used

(a2H?) = 20*H (H?+ 1T) | Y (a%) = —a*HY o 2.6)
The integration constant E' can be interpreted as the specific total energy in Newton’s gravity; in Einstein’s gravity we
have 2E = — K ¢? where K can be normalized to be the sign of spatial curvature. Note the difference in the background

equation in Newtonian cosmology. The nonlinear governing equations can be expressed in terms of the perturbation
variables as
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By introducing the expansion 6; and the rotation W of each component as

1 1
97; =—-V_ u; , jz = -V x u; , (2.9)
a a
we derive
. _ 1 1 V(;pl
0, + 2HO; — 47erj: 0j0; = V- (i Vuy) + azéiv : <1 " 5i> , (2.10)
. 1 1 (Vd;) x Vop;
Wi+ 2HT, = —= AT : : 2.11
+ a2V>< (u Vu)-i—az@i 1102 (2.11)
By introducing decomposition of perturbed velocity into the potential- and transverse parts as
(v) (v) — A 1 )
u; :=—-VU; +u; ", V-ou’' =0, Qi:gUi, ﬁi:5qu&.L2)
we have
v v 1 1 ) _ 1 /s
a® 4 Fa® = L v+ LY gaty (v 2P| (2.13)
i ¢ a 0i 1+9; 0i1+9;
Combining equations above, we can derive
. . _ 1 | 1 Vop;
0; +2HE; — 4TFGZ 0j0; = ) [aV - (0;u;)] + ?V (v - Vuy) + a2§iv : (1 n (5@'> . (2.14)

J

These equations are valid to fully nonlinear order. The density fluctuation grows against the Hubble friction. Notice that
for vanishing pressure these equations have only quadratic order nonlinearity in perturbations.

e numerical simulations, baryons

2.1.3 Linear-Order and Second-Order Solutions

We will derive the solutions for a single pressureless medium (now we change notation u; — v; & — ¢)
.1 1 ; _ 1
04+ -V.-v=—=V-(dv), 9+2H0—47TG95:—2V~(V-VV) , (2.15)
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where we now use v to represent the velocity perturbation. These are the governing equation for the cosmological N-body
simulations. The calculations are greatly simplified in Fourier space, and our convention is

3
A(x) = / (;lﬂl)‘?) e > Ak) Ak) = / d3x e > A(x) (2.16)

and we often use the identity:
d3x
Pk)= | —— >, 2.17
19 = [ s @17)
First, we derive the linear-order solution. The conservation equation yields

W (t, k) = 0W (¢, k) . (2.18)

At the linear order in perturbations, we can separate the time-dependence and the spatial-dependence, i.e., all different
Fourier modes evolve at the same rate, and the growth rate D satisfies

D+ 2HD — 47Gp,D =0, D(t) = , (2.19)
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where the (dimensionless) growth factor D(t) is normalized to unity at some early epoch ¢y when the nonlinearities are

ignored 0(to, k) := 5§1)(t0, k) = b (k). The growth eqaution is scale-independent, i.e., the perturbations on all scales
grow at the same rate. In fact, the growth factor can be derived in Eq. (4.189) as

D(t) o ey (k)H(t) / 2‘22 +ea(K)H(L) (2.20)

where the second term is the decaying mode we will ignore here. The linear-order solution for the density and the velocity
divergence is then

dlin D

50 (1, k) = D(1)5(K) 0\ (t. k) = HfD(1)(k) ~ dina’

D=HfD,
(2.21)
where the superscript indicates the perturbation order, the logarithmic growth rate f is approximately time-independent
and it is unity f = 1 in the matter-dominated era.
To derive the second-order solution, we need to Fourier decompose the source terms in the right-hand side of the
dynamical equation. At the second-order in perturbations, the quadratic terms represent the product of two linear-order

terms. Furthermore, the quadratic product in configuration space becomes the convolution in Fourier space:

1 @ [ PQ [dPQa, s.p Q1 @2\ : 0\
oveew| - aror [ 3 [ SR enttc- qu (14 252 ) dQni@y) . e22)
1 @) B BQr [ d*Q Q1+ Q21*Q1 - Qz
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where we defined Q12 = Q1 + Q2. Using the source functions in Fourier space, we can solve the governing equations
for the density and the velocity divergence as

@ 3 3 < s @)’ @
51()752,k) _ /d qi / ’qi (271267 (k — qu2)8(q1)8(q2) [5+2(q1 9) I T <m+gj>] ,(2.24)

(2m)3 ) (2m)3 7T @g 2q1¢2 \ ¢
02 (t, k) daq dBaq 3 & < 3 4(a-a2)? arra (¢ @
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o HW: derive the second-order solutions

2.1.4 General Solution

Beyond the linear order, the density and the velocity divergence grows in a nonlinear fashion, i.e., different Fourier modes
couple. By assuming the separability of the time and the spatial dependences, the standard perturbation theory (SPT)
takes a perturbative approach to the nonlinear solution:

S(t,k) = an [H/ dqz 3 ](277) 6P (k — quzn)E (qu, -+ an) ZD” M (k) , (2.26)

9%;) = ZDn [H/dqz o ](2”)5 (k = qi2..0) G (a1, -+ an) = ZDn "), 227)

where q12.., = q1 + - + qn, 5(”)(k) and 9(") (k) are time-independent n-th order perturbations, FTQS) and Ggf) are
the SPT kernels symmetrized over its arguments. With these decompositions in Fourier space, the LHS of the Newtonian
dynamical equations become

D?’L

5+6:HfiD" (ms(”)—e(")) , 0+ 2H0 — 4nGpnd = H2f2Y " —
n=1

. [(1 +2n)0™ — 35

(2.28)
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where we utilized the relation between the growth factor and the growth rate D = HDf. The RHS of the Newtonian

dynamical equations are the convolution in Fourier space:

a

(2r)?

3 3 0o
[—1v.(5v)} (k) = / ég; / Q2 5 135D (k — Q12)0120(Q1,1)5(Qa, ) szZlD”An(k),

(2.29)

{;V-[(v-V)v]}(k)_/El;f));/dw? (27)%67 (k — Q12)p120(Q1,)0(Q2,t) = H2f*> " D" B, (k) , (2.30)
n=1

(27)?

where the vertex functions are defined as

arg = a(Q1,Q2) =1+ @1 @

P12 == B(Q1,Q2) =

Q1+ Q2/°Q1 - Q2

P} )
Q1

and the n-th order perturbation kernels A,,(k) and B,, (k) are

n 3¢ .
m@>zlﬂjé$&w
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n d3 o n—1
Bn(k) = [H/ (27313 5(%’)] (2m)%6" (k — a12n) Y Br2Gilan, -+ @) Gni(Qit1, -+ ) ,

=1

with Q1 = q1..; and Q1 + Q2 = k.

(21367 (k — q12n) Y 012Gilan, -+ i) Fui(ditt, - 1) |

2.31)

(2.32)

(2.33)

Therefore, the two Newtonian dynamical equations become algebraic equations with the time-dependence removed:

nd™ — g — A, (14 2n)0™ — 35 = 2B, ,

and the well-known recurrence formulas for the solutions are

(n) —
o = 2n+3)(n—1) ’ o 2n+3)(n—1)"

and similarly so for the SPT kernels

n—1
G
o= Z (2n +3)(n— 1) (14 2n)aioFh—i + 2612 Gn—i] ,

n—1

G;
Cn = Z(2n+3)(n—1)

[BaraFy—i + 2nB12Gn_i] , Fir=G;i=1.
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